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Implementation of nanostructured metals and alloys for use in engineering 
applications requires a detailed knowledge of the underlying deformation mechanisms in 
these materials. It is well known that plastic deformation in metals and alloys is mainly 
mediated by dislocation activities. Nonetheless, TEM observations and atomistic 
simulations indicate that dislocation-mediated plasticity in nanostructured metals and 
alloys is significantly different from that in their coarse-grained counterparts. Therefore, 
this dissertation focuses on the exploration of the deformation mechanisms in 
nanostructured metals via crystal plasticity finite element modeling and simulation.  
A statistical grain boundary dislocation source model accounting for dislocation 
nucleation and slip events was developed and incorporated into a 3D discrete crystal 
plasticity finite element model to study the mechanical behaviors of nanostructured 
metals including nanocrystalline, nanotwinned and heterogeneous lamellar structured 
metals. It was found that a Hall-Petch scaling of strength emerged from grain size 
limitation on dislocation source length, and that the Hall-Petch slope depended 
sensitively on texture and was proportional to the Taylor factor. Furthermore, it was 
shown that experimentally observed scaling between yield strength and twin thickness in 
columnar-grained nanotwinned Cu arose from statistical variability in dislocation source 
length, and that reducing twin thickness could increase plastic anisotropy as a result of 
the increase in mean stress to emit dislocations. In addition, it was revealed that a 
heterogeneous lamellar structure consisting of a nanocrystalline layer sandwiched 
between two coarse-grained lamellae could effectively homogenize plastic strain in the 
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Nanostructured (NS) metals and alloys are polycrystals with a characteristic 
length scale such as grain size or twin lamella thickness smaller than 100 nanometers 
[1,2]. They have been the subject of extensive research for decades across the materials 
community. Such a strong focus can be largely attributed to their extraordinary 
mechanical, electrical, thermal and chemical properties. Compared with their coarse-
grained (CG) counterparts, NS metals and alloys exhibit ultra-high strength and hardness, 
heightened strain rate sensitivity and diminished activation volume, as well as superior 
wear and corrosion resistance [3-6]. 
As a result of their superior properties, NS metals and alloys have seen 
increasingly broad applications. Figure 1.1 shows a variety of product forms and shapes 
that can be made of NS metals and alloys, including coatings of different thicknesses on 
substrates, free-standing plates, sheets and foil, wires, tubes, foam, powder etc. [7]. 
Because of such great flexibility, their applications span a wide length scale, from 
miniature components used in microelectromechanical systems [8] to large scale 
applications such as in-situ nuclear steam generator repair technology [9]. The latter case 
serves as a good example of the value and potential of NS metals and alloys in innovative 
applications. Due to the pressure and heat in the steam environment, nuclear steam 
generator tubing made of Inconel 600 alloy suffers from degradation caused by stress 
corrosion cracking and fatigue. The cracks initiate on the outside surface of the tubing, 
coalesce and propagate toward the inner surface, leading to perforation and leaks. After 
conventional repair methods proved to be infeasible, a new repair technique was 
developed involving electroforming a continuous NS Ni sleeve on the inside wall of the 
tubing, as shown in Figure 1.2 (a). The sleeve has a uniform grain size of approximately 
100 nm, and it demonstrates excellent corrosion resistance and thermal stability, 
especially against stress corrosion cracking, as indicated in Figure 1.2 (b), which arise 
from the superb corrosion resistance characteristic of NS metals and alloys. On the other 
hand, the high yield and tensile strength guarantees its structural integrity and service 
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reliability [9]. This new repair technology for nuclear steam generators demonstrates the 
good combination of desirable properties such as high strength and superior corrosion 










Among various NS metals, nanocrystalline (NC) metals and alloys are the most 
commonly fabricated and studied. Despite their high strength and hardness, they suffer 
from a shortcoming that severely limits their applications—diminished ductility [4,5]. 
This can be largely attributed to the nanoscale grain size and a high volume fraction of 
grain boundaries (GBs) in these materials. It is well known that plastic deformation in 
metals and alloys are mainly mediated by the motion of dislocations, which are line 
defects gliding on certain defined crystallographic planes. In conventional CG metals, 
there is ample space for dislocation slip, interaction and accumulation inside the grains 
due to the large grain size, which accommodate the plastic deformation. In contrast, 
dislocation slip and storage in NC metals and alloys are severely confined by the 
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nanoscale geometries and high volume fraction of GBs, leading to limited strain 
hardening capacity and decreased ductility. As a result, NC metals under plastic 
deformation usually exhibit a propensity for plastic instabilities in the form of early onset 
of necking in tension and shear banding, and the elongation to failure is typically less 





Figure 1.2.  (a) Nanostructured Ni sleeve electroformed on the inner wall of an Inconel 
600 tube; (b) cross section of the tube and electrosleeve showing that stress corrosion 




A substantial challenge facing researchers is therefore improving the ductility of 
NS materials while maintaining their high strength and hardness. To achieve this goal, 
many novel material structures and systems have been developed in recent years, the 
most prominent of which are nanotwinned (NT) and heterogeneous lamellar (HL) 
structured metals. NT metals are fabricated by engineering nanoscale twin lamellae into 
submicrometer (ultrafine) or micrometer-sized grains [13-16]. According to the 
orientation of twin lamellae NT metals can be categorized as equiaxial-grained [14] and 
columnar grained [17], as shown in Figure 1.3 (a) and (b), respectively. In equiaxial-
  
4 
grained NT metals twins are randomly oriented based on the orientations of individual 
grains, while in columnar grained NT metals twins are preferentially oriented with 
respect to the growth direction of the thin films [18]. Compared with NC metals, NT 
metals possess many desirable properties, such as substantial ductility [15,19,20], thermal 
stability [21,22], electrical conductivity [13,23] and fatigue resistance [24,25]. Many of 
these properties are direct results of the fundamentally different microstructure inherent 
to NT metals compared with their NC counterparts. For instance, there is only one 
characteristic length scale in NC metals, i.e. grain size, in contrast to the two 
characteristic length scales in NT metals: grain size and twin thickness [26]. Similar to 
the barrier effect of GBs in NC metals, nanoscale twin boundaries (TBs) can effectively 
confine dislocation motion within twin lamellae, leading to dislocation pile-up at TBs and 
significant strength and hardness comparable to NC metals [14,27]. At the same time, the 
relatively large, submicrometer or micrometer grain size provides plenty of room for 
dislocation accumulation and storage, giving rise to substantial strain hardening capacity 





Figure 1.3.  (a) A TEM image of an equiaxial-grained NT Cu sample [19]; (b) a cross-




Another example illustrating the attractive attributes of NT metals in comparison 
with NC metals involves their superior thermal stability and electrical conductivity. 
Anderoglu et al. [22] reported that even after annealing at as high as 800 °C for 1 hour, 
sputter-deposited Cu thin films with a high density of nanoscale twins only underwent 
moderate twin coarsening while retaining a high hardness of 2.2 GPa. Lu et al. [19] 
synthesized ultrafine-grained (UFG) Cu with nanoscale twins and reported that it 
exhibited an impressive electrical conductivity comparable to CG Cu, yet its yield and 
flow stresses were many times higher. These desirable properties of NT metals are 
attributed to the unique characteristics of TBs. Unlike incoherent GBs, TBs are coherent 
interfaces. The energy of TBs is only a fraction of that of high-angle GBs constituting NC 
metals. As a result, the thermodynamic driving force for twin coarsening is much lower 
than that for grain coarsening in order to reduce the total energy of the system, giving rise 
to the exceptional thermal stability of NT metals [22]. Furthermore, crystalline defects 
such as vacancies, interstitial atoms and dislocations serve as effective scattering centers 
for electrons [19]. Due to the coherent nature of TBs, misfit of crystal lattice across the 
interface is much lower than that of GBs. As a result, there are significantly less electron 
scattering centers in TBs, leading to the high electrical conductivity typical of NT metals. 
In recent years, a novel multiscale grain-size structure has been synthesized in an 
attempt to answer the challenge of improving the ductility of NS metals and alloys, 
namely heterogeneous lamellar structure. It typically consists of an UFG core, where the 
average grain size lies at the submicrometer scale, sandwiched between two surface NS 
layers, as illustrated in Figure 1.4 [28]. As a superior alternative to NC materials, HL 
structured metals show great potential, not only because they exhibit both high strength 
and significant ductility, but also because of the cost-effectiveness with respect to their 
manufacturing processes and the ease with which they can be scaled up for industrial 
production [29,30]. However, the fundamental principles governing the deformation of 







Figure 1.4.  A channeling contrast image illustrating the typical microstructures near the 
NS / CG interface in a HL structured Cu [28]. 
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2. LITERATURE REVIEW 
2.1. DISLOCATION NUCLEATION AND PROPAGATION IN 
NANOCRYSTALLINE METALS 
Traditionally, the yield strength of metals and alloys is described by an empirical 





 kD      (1) 
 
where  is yield strength, 0  is friction resistance against dislocation motion within 
crystal lattice, k is Hall-Petch slope and D is grain size. This relation was originally 
derived from studies of CG metals but was found to be applicable for a broad range of 
grain sizes in a great variety of metals and alloys [4]. Experiments indicate that Hall-
Petch relation can also be extended into nanoscale regime, as shown in Figure 2.1 [33]. 
This is quite remarkable, considering that the underlying mechanisms for plastic 
deformation in NC and CG metals and alloys are significantly different. It is generally 
believed that dislocations, whether perfect or partial, predominantly nucleate in grain 
interiors in CG metals, since the volume fraction of grain interior is much higher than that 
of GBs when the grain size is large. Dislocations then glide through the grain interior on 
well-defined slip planes and along crystallographic slip directions, where they interact 
with each other and accumulate inside the grain, forming forest dislocations which 
impede further dislocation motion, enhancing the critical stresses required for future 
dislocation slip events and resulting in strain hardening. When dislocations encounter 
GBs, some of them slip across the interface and into neighboring grains, while others pile 
up at GBs, creating stress fields that repulse incoming dislocations, giving rise to the 







Figure 2.1.  Compilation of Hall-Petch relation for several metals and alloys at nanoscale 




In contrast, in recent years molecular dynamics (MD) simulations and in-situ 
transmission electron microscopy (TEM) observations shed light on the distinct 
mechanism of dislocation-mediated plasticity in NC metals. Through a series of statistical 
analyses of atomistic simulations on the plastic deformation of NC metals, Van 
Swygenhoven and coworkers depicted a physical picture of dislocation activities in NC 
materials: dislocations preferentially nucleate at GB triple junctions and GB ledges, and 
the critical stress required for dislocation nucleation is lower than that for its propagation 
[35-39]. GB triple junctions are high-energy regions where structural defects and stress 
concentration abound, which are favorable for dislocation nucleation [37,40]. Dislocation 
sources are readily available at GB triple junctions due to stress concentration well before 
the resolved shear stress (RSS) in a slip system reaches or exceeds the critical stress for 
dislocation propagation. These dislocation sources are line segments emerged from GB 
triple junctions and are pinned at each end at adjacent GBs. As plastic deformation 
proceeds, RSS continues to increase due to the increase in macroscopic stress, and 
eventually reaches the critical resolved shear stress (CRSS) required for dislocation 
propagation. As a result, the dislocation segment acquires sufficient driving force to 
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unpin from the GB pinning sites, bows out from the triple junction, glides across the 
relatively clean grain interior, and eventually is absorbed by GBs at the opposite end of 
the grain [3,41-43], as illustrated by MD simulation in Figure 2.2 [44]. It has been 
suggested that dislocation unpinning is largely an athermal and mechanically driven 
process [38]. In addition, in-situ TEM studies of plastic deformation of NC metals reveal 
that the grain interiors are clean and devoid of dislocations, and that dislocations seldom 
accumulate inside NC grains [3,45]. Together these observations indicate that 
dislocation-mediated plasticity in NC face-centered cubic (FCC) metals is predominantly 
determined by dislocation propagation rather than nucleation, and dislocation storage is 
suppressed. Nevertheless, it is still unclear how discrete dislocation slip events in NC 






Figure 2.2.  Schematic illustration of the nucleation, transmission and absorption of an 
extended dislocation observed in MD simulation. The red area represents stacking faults 






Apart from atomistic scale MD simulations, significant efforts have also been 
devoted to the modeling and simulation of the deformation mechanisms and mechanical 
properties of NC materials at mesoscopic scale. Asaro et al. [46] developed a mechanistic 
model accounting for the emission of perfect or partial dislocations from stress 
concentrations at GBs or TBs to rationalize the experimentally observed high strain-rate 
sensitivity and low activation volume of NC metals. The model estimated an activation 
volume of 3-10b3 for NC metals, which was predicted to increase with increasing grain 
size. A highlight of their model was that an athermal critical nucleation stress for perfect 
and partial dislocations was calculated which scaled inversely with grain size, thus 
introducing a length scale. Zhu et al. [47,48] extended this model by considering not only 
the effect of mean grain size but also that of grain size distribution on overall mechanical 
responses of NC aggregate. Their model assumed that the simultaneous contributions to 
the total plastic rate of deformation included dislocation and stacking fault emission from 
GBs as well as GB sliding. They explored the effects of grain size, grain size distribution, 
temperature, strain rate and dynamic grain coarsening, and found that the mechanical 
responses of NC aggregate were sensitive not only to grain size but also to grain size 
distribution, i.e. the spread about the mean grain size. Fu et al. [49] developed a 
composite model to study the effect of grain size on yield stresses of NC metals, which 
comprised a grain interior with monocrystalline response surrounded by a work-hardened 
boundary layer. Their analytical and computational calculations predicted that the 
thickness of the work-hardened layer was equal to one half the grain diameter and that 
Hall-Petch slope decreased with grain size in NC domains. The model also revealed the 
initiation and evolution of shear localization at nanoscale grain sizes. Inspired by MD 
simulation results on discrete dislocation motion in NC metals, Li et al. [50] developed a 
quantized crystal plasticity (QCP) finite element model capturing quantized jumps in 
plastic strain induced by discrete dislocation slip events in NC metals to simulate their 
distinct features such as enhanced flow stress, extended plastic transition strain and 
propensity for shear localization. In their model the plastic strain generated by a discrete 
dislocation slip event was inversely proportional to grain size, thus introducing a grain 
size effect. They revealed that a smaller grain size led to more violent stress 
redistribution, and that a smaller fraction of grains plastically deformed to sustain the 
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plastic deformation in NC metals compared with CG metals. In a subsequent study [51], 
the authors applied the QCP model to investigating monotonic and cyclic stress-strain 
responses of NC metals. They reported that both CRSS and plastic pre-deformation had 
significant influence on monotonic and cyclic responses when the strain was small, yet 
only CRSS affected the responses at large strain. The simulations indicated that 
heterogeneous stress states could be induced by quantized dislocation slip, leading to 
reversible deformation as a result of the large elastic energy stored in these stress states. 
In another study, the QCP model was applied to exploring the intergranular stress 
redistribution and residual lattice strain evolution in NC and UFG Ni during tensile 
deformation [52]. They found that stress redistribution within <hkl> diffraction families 
of planes dominated small plastic strain, while stress redistribution between families 
dominated at larger strain. In addition, QCP enhanced stress heterogeneity among 
neighboring grains and increased residual lattice strain in NC metals. Shi et al. [53] 
developed a dislocation-density grain boundary interaction (DDGBI) scheme accounting 
for dislocation absorption, emission and transmission with respect to GBs, coupled with a 
GB misorientation-dependent dislocation-density relation and a grain boundary sliding 
(GBS) model, and studied the behaviors of NC metals at different grain sizes. The 
simulations successfully predicted an increase in yield strength with decreasing grain 
size, consistent with the Hall-Petch relation. Furthermore, it was shown that larger GB 
misorientation was correlated to higher initial dislocation density in the GB region, 
resulting in higher yield stress. In addition, they found that GBS increased with 
decreasing grain size, leading to enhanced lattice rotation, plastic slip and altered stress 
state at the crack tip, affecting crack growth in NC metals.  
 
 
2.2. TEXTURE EFFECT ON STRENGTH SCALING IN NANOSTRUCTURED 
METALS 
In addition to grain size, strength also depends on the texture of a material — the 
distribution of crystallographic orientations of individual grains in a polycrystal [54]. Due 
to the difference in orientation, the stress and strain states in each grain differ when a 
polycrystal is plastically deformed, leading to different active slip systems and plastic 
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shearing among the slip systems. Plastic shearing in turn gives rise to grain rotation, 
further enhancing the change in crystal orientation. To describe and predict texture 
development in polycrystals under plastic deformation, the Taylor factor was introduced 
by correlating the external applied stress to the average critical resolved shear stress 







       (2) 
 
where M represents the Taylor factor of a specific polycrystal, 
y is the macroscopic 
yield stress and CRSS  is the average CRSS on the slip systems in its constituent grains. 
Armstrong [56] provided a rational explanation of Taylor factor by decomposing the 
lattice friction 0  and Hall-Petch slope k in Equation (1) with respect to M : 
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represents the average shear stress concentration at the tip of a slip band. Numerically 
Taylor factor is equal to the inverse of the average Schmid factor on the slip systems in a 
polycrystal and is therefore dependent on texture [57]. 
Compared to CG materials, texture effects on the strength of NS materials have 
received significantly less attention. Most research efforts focused on improving strength 
by reducing grain size or altering microstructure and grain boundary characteristics via 
various processing techniques, such as mechanical alloying and compaction, severe 
plastic deformation (SPD), gas-phase condensation and consolidation, and 
electrodeposition [3,5]. However, different processing techniques for NS materials 
inevitably induce different crystallographic textures in samples [4]. For example, 
deposition techniques such as physical vapor deposition or electrodeposition, where 
nanograins are deposited on a substrate and grow perpendicularly to it, usually produce a 
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pronounced texture where a set of crystallographic planes are aligned parallel to the 
substrate while in-plane orientations are random, giving rise to near in-plane isotropy and 
pronounced out-of-plane anisotropy [58-60]. SPD techniques such as accumulative 
rolling bonding is another method commonly used to synthesize nanomaterials, 
particularly two-phase metallic nanocomposites such as Cu-Nb nanolaminate composites 
[61-63]. In this case, a unique crystallographic orientation relationship exists between the 
FCC Cu and BCC Nb, namely the Kurdjumov-Sachs (KS) orientation relationship, where 
the interfaces between the FCC Cu and the BCC Nb correspond to {112} planes in each 
phase, and <110> directions in Cu are parallel to the <111> directions in Nb [61,64,65]. 
Finally, other processing techniques such as ball-milling followed by consolidation 
generate nearly random textures in samples. 
A few recent studies dedicated to the exploration of texture effects in NS 
materials found that texture effects were too influential and important to be overlooked. 
You et al. [66] reported that the preferentially oriented twins in columnar-grained NT Cu 
gave rise to significant differences in yield and flow stresses when tested parallel and 
perpendicular to the TBs, respectively. Ott et al. [67] synthesized NT UFG Ag with 
different twin densities and orientations via magnetron sputtering and found that yield 
strength and tensile ductility of the samples were strongly dependent on the intensity of 
the <111> fiber texture component. Dalla Torre et al. [59] conducted tensile tests on two 
commercially available electrodeposited NC Ni specimens with the same grain size and 
found that strength difference in {200} initial textures of the specimens resulted in non-
negligible differences in yield strength, ultimate tensile strength and plastic strain. Godon 
et al. [68] fabricated NC Ni samples with average grain size 30-800 nm and studied the 
effect of crystallographic texture on the relation between grain size and flow stress. They 
reported three distinct regimes in the Hall-Petch plot of flow stress as a function of the 
inverse square root of grain size, corresponding to {100}, {110} and random textures, 
respectively. They concluded that different textures could modify the relative 
contribution of two competing physical mechanisms, GB shearing and dislocation 
emission at GBs, leading to differences in Hall-Petch slope. Jia et al. [69] developed a 
crystal plasticity finite element (CPFE) model incorporating both shear banding 
mechanism and dislocation slip and twinning, and examined the shear rates of grain 
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groups with different initial textures. They found that Goss texture exhibited lower shear 
rates, indicating its effectiveness in the prevention of shear band formation. In short, 
understanding the interplay between texture and grain size is crucial to enhancing the 




2.3. PLASTIC ANISOTROPY IN COLUMNAR-GRAINED NANOTWINNED 
METALS 
As mentioned in Section 1, NT metals can be classified as equiaxial-grained and 
columnar grained according to the orientation of the twins. An interesting phenomenon 
arising from the preferential orientation of twins in columnar grained NT metals is the 
strong plastic anisotropy they exhibit under deformation [26,66,70]. Plastic anisotropy is 
the variation of mechanical properties of plastically deformed metals with directions [71]. 
You et al. [66] studied anisotropic plastic deformation in columnar-grained NT Cu and 
found that yield strength and strain hardening showed strong dependence on loading 
orientation with respect to the TBs: yield strength was the highest when the loading 
orientation was perpendicular to the TBs and much lower when it was parallel to the TBs, 
while strain hardening was negligible in these two cases. When loaded 45° inclined to the 
TBs, the samples exhibited the highest strain hardening yet the lowest strength. In 
contrast, due to the random orientations of twins, plastic anisotropy is negligible in 
equiaxial-grained NT Cu [72]. 
Most modeling and simulation work involving NT metals to date focused on 
equiaxial-grained NT metals [6,73-78], while columnar-grained NT metals have received 
much less attention. As an exception, Borovikov et al. [79,80] performed large-scale MD 
simulations to explore the effects of texture on the strength of columnar-grained 
nanotwinned Ag and Cu. They revealed that the cooperation or competition between two 
major factors determined the strength of NT FCC metals, namely the magnitudes of the 
Schmid factors on available slip systems and the effectiveness of GBs (and their triple 
junctions) in generating dislocations. Both of these factors depended on the texture of the 
material, and a change in texture could lead to significant variations in the yield and peak 
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stresses. Although their results were limited by the inherent drawbacks of MD 
simulations such as short time and length scales, which prevented them from carrying out 
the investigation at realistic strain rates, their work offered valuable insight into the 
texture effects on the underlying dislocation activities in columnar-grained NT metals. 
 
 
2.4. HIGH STRENGTH AND DUCTILITY IN HETEROGENEOUS LAMELLAR 
STRUCTURE 
As mentioned in Section 1, HL structured metals and alloys characterized by 
alternating lamellae of soft ultrafine grains and hard NC grains demonstrate a 
combination of high strength and considerable ductility and serve as an appealing 
alternative to NC metals and alloys which suffer from limited ductility. Severe plastic 
deformation (SPD) is usually used to synthesize bulk metals with HL structures, and 
some common techniques include high pressure torsion (HPT) [28,81], surface 
mechanical attrition treatment (SMAT) [82-84], surface mechanical grinding treatment 
(SMGT) [85,86], surface nanocrystallization and hardening (SNH) [87,88] as well as 
asymmetric rolling [30,89].  
Because metals with HL structures have only been synthesized in recent years, the 
underlying mechanisms responsible for high strength and good ductility compared with 
traditional NC materials are not well understood. Nevertheless, some pioneering work 
has made valuable contribution to understanding the fundamental principles that govern 
the exceptional mechanical properties of HL structures. Ma et al. [28] synthesized 
specimens of a CG / NC laminate composite comprising a NC bronze layer of varying 
volume fractions sandwiched between two CG Cu layers via HPT, and studied their 
microstructure and mechanical properties such as yield and flow stresses, strain 
hardening rate and uniform elongation. They found that rule of mixture (ROM) 
calculations were capable of predicting the yield strength of the samples, yet such 
calculations underestimated strain hardening rate and uniform elongation. They proposed 
that the extra strain hardening capability of the CG / NC laminate composite arose from 
the mutual constraint at the interface between the surface CG layer and the central NC 
layer, leading to a transition of stress state from uniaxial to bi-axial stress, resulting in 
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more dislocation accumulation at the interface and the extra strain hardening effect. 
Recently, Ma et al. [90] fabricated HL structured metals consisting of alternate laminates 
of copper and bronze with varying interface spacing by means of ARB and post-
annealing and conducted tensile tests to investigate the interfacial effects on the 
deformation behavior and mechanical properties of HL structures. They found that both 
strength and ductility of the HL structures increased with decreasing interface spacing. 
Moreover, an interface-affected zone spanning a few micrometers was identified where 
dislocation pile-up at the interface gave rise to strain gradient and GND accumulation, 
leading to enhanced strain hardening capacity characteristic of metals with HL structures. 
Wu et al. [30] reported that HL structured titanium synthesized via asymmetric rolling 
followed by partial recrystallization exhibited both UFG strength and CG ductility. They 
concluded that an internal back stress generated at the lamella interfaces due to the 
constraining effect of the hard UFG layers on the soft micrograined layers gave rise to the 
high strength, while the high strain hardening was attributed to back stress hardening due 
to the accumulation of geometric necessary dislocations (GNDs), as well as a less 
significant dislocation hardening effect. Due to the similarities between gradient structure 
and HL structure in terms of microstructure and interfacial characteristics, Wu et al. 
[29,91] introduced a grain size gradient (GSG) in the surface of an interstitial-free (IF) 
steel using SMAT. The sample consisted of a CG core sandwiched between two gradient 
layers with grain size increasing from submicrometers to micrometers along the depth. 
They conducted tensile tests and finite element analysis, and found that the synergetic 
strengthening arose from the constraint imposed by the outer elastic layers on the central 
plastic layer, which generated a strain gradient at the layer interfaces and a bi-axial stress 
state, promoting dislocation interaction and storage. 
Different processing methods can induce different textures into HL structured 
metals. For instance, Liu et al. [85,92] conducted electron backscatter diffraction (EBSD) 
on nano-laminated nickel synthesized via SMGT and found that the texture components 
were major {100} <011> and minor {111} <112> and {111}<110>, indicating heavy 
shear deformation in the top surface layer during SMGT processing. In contrast, Fang et 
al. [93] synthesized gradient nanograined Cu also via SMGT and reported a random 
crystallographic texture in the topmost layer of the specimens. No publication to date has 
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systematically investigated the effect of crystallographic texture on the mechanical 
behaviors of HL structured metals or the interactions between heterogeneous lamellae in 




3. NOVEL PLASTICITY MODEL FOR NANOSTRUCTURED MATERIALS 
3.1. A COMPARISON OF MD, CPFEM AND DISCRETE CPFEM 
As an important component of multiscale modeling and simulation techniques, 
MD is used to simulate the movements of atoms and molecules as well as their 
interactions by numerically solving Newton’s equations of motion for a system of 
interacting particles based on prescribed interatomic interaction potential functions 
[95,96]. Since its adaptation to computational materials science, it has been making 
valuable contributions to the understanding of the underlying deformation mechanisms in 
metals and alloys. Nevertheless, as an atomic-level simulation method, MD is inherently 
limited by short time and length scales, with a typical time scale of less than a few 
nanoseconds and a typical length scale of tens of nanometers [96,97]. Such spatial and 
temporal limitations often lead to unrealistically high strain rate (typically > 107 s-1) and 
consequently, high applied stresses, for materials under deformation [66,96,98], casting 
doubt on the reliability of MD as a quantitative tool for capturing experimentally 
observed deformation processes of NS metals and alloys. 
In addition to the short time duration and length scale, another fundamental 
limitation of MD lies in the reliability of the interatomic potential functions used to 
calculate interatomic forces. As pointed out by Wolf et al. [96], the interatomic potential 
functions used in most MD simulations are empirical or semi-empirical in nature, 
rendering them incapable of fully capturing the many-body nature of electronic bonding, 
especially those in the vicinity of crystal defects where the local structure and chemistry 
are complex. Such inherent shortcomings may also contribute to the inaccuracies of MD 
simulation in terms of capturing the microscopic dislocation activities and their 
correlation with macroscopic mechanical behavior of NS metals and alloys. 
For the aforementioned reasons, systematic studies of the deformation 
mechanisms of NS metals call for computational approaches at larger spatial and 
temporal scales. Finite element analysis (FEA) is a numerical technique for solving 
partial differential equations. In the past few decades there have been increasing 
applications of FEA in the study of mechanical properties of metals and alloys, and it has 
gradually evolved into an important branch of computational materials science, namely 
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crystal plasticity finite element method (CPFEM). The name CPFEM includes two 
notions: crystal plasticity theories and finite element method. Crystal plasticity theories 
explicitly model discrete slip systems and individual grains, accounting naturally for the 
anisotropy induced by single crystal properties and crystallographic texture, which 
contribute to the anisotropic macroscopic behaviors of crystalline solids [99]. Finite 
element method, on the other hand, serves as the underlying numerical solver, solving the 
constitutive equations based on and embodying the crystal plasticity theories. The rapid 
advancement of FEA in a wide variety of scientific and engineering disciplines and 
particularly, the emergence of commercial finite element software packages such as 
ABAQUS and ANSYS has freed researchers from the hard labor of developing their own 
FEA codes into which the constitutive equations will be incorporated. The unique feature 
of CPFEM lies in that the domain of the model under study is discretized into elements of 
finite volume, and mechanical properties such as stress and strain are solved based on the 
equilibrium of forces and compatibility of displacements in these elements [100]. 
Compared with other modeling techniques, CPFEM possesses many advantages. 
To begin with, it calculates spatially resolved mechanical fields such as stress and strain 
based on intergranular interactions and orientation differences across GBs [57]. Many 
previously proposed mesoscale models rely on certain mean-field assumptions which 
homogenize intergranular interactions, such as the Taylor model [101], which assumes all 
grains in a polycrystal are subjected to uniform strain, the Sachs model [102], which 
assumes uniform stress for all grains, and the self-consistent viscoplastic polycrystal 
model [103,104], where each grain is assumed to be a single ellipsoidal inclusion in a 
homogeneous equivalent medium. Compared with these mean-field models, CPFEM is 
more computationally expensive, but it can accurately calculate resolved mechanical 
fields at every integration point, which can be extrapolated to other nodal positions within 
the model domain. This advantage is significant, as it offers researchers an opportunity to 
look into the deformation of individual grains and the associated dislocation and twin 
activities involving discrete slip systems, as well as their effects on intergranular 
interactions and the overall deformation behaviors of the polycrystalline aggregate. In 
addition, CPFEM is capable of solving crystal mechanical problems with complex 
boundary conditions. This is especially important, considering the often abrupt change of 
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properties across the interfaces in polycrystalline aggregates, such as stress, strain 
gradient and dislocation density. Last but not least, it provides great flexibility in terms of 
incorporating various constitutive formulations into the finite element framework, such as 
deformation mechanisms, hardening laws and fracture criteria [100]. 
Nevertheless, CPFEM is not without limitations. Most of them use 
phenomenological hardening laws based on homogenous dislocation slip and interactions 
where only an overall dislocation density is considered but not the effect of individual 
dislocations [18,105,106]. While this is justifiable for conventional CG metals and alloys 
where grain size is significantly larger than dislocation loops and dislocations are 
numerous, it is not suitable to be applied to the study of dislocation-mediated plasticity in 
NC metals. As expounded in Section 2.1, due to nanoscale grain size which is 
comparable to the size of dislocation loops, dislocation slip is discrete in NC metals and 
alloys, dislocation interaction and storage are suppressed, and the distance at which a 
dislocation can glide is confined by the grain size or twin thickness. Therefore, a model 
accounting for discrete dislocation slip events while taking into consideration the effect 
of grain size or twin thickness must be engaged to represent the physical scenarios unique 
to NC metals and alloys. To this end, a novel dislocation source model accounting for 
statistical distribution of dislocation source length of random dislocations emitted from 
GB triple junctions was developed and incorporated into a CPFE framework 
characterizing discrete dislocation slip events. The details of the models are presented in 
the following sections. 
 
 
3.2. GRAIN BOUNDARY DISLOCATION SOURCE MODEL  
A physically-based statistical model for the characteristic stresses needed to 
activate dislocation emission and propagation from GB sources in NS metals is described 
in this section. Several conclusions drawn from MD simulations serve as the underlying 
assumptions for this model: first, since dislocation unpinning and the subsequent 
propagation are largely mechanically driven rather than a thermal process [38], any 
contribution from thermally activated processes is not considered in the model; second, 
focusing on NS metals, dislocation emission only occurs at GB triple junctions and not in 
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grain interiors. In addition, it is assumed that before the RSS reaches or exceeds the 
CRSS in a given slip system, the stress is already high enough for the dislocation to 
nucleate, i.e. the critical stress for a dislocation slip event is determined by the threshold 
stress for its propagation rather than nucleation. 
The model is based on the geometry of GB configurations near a triple junction. 
A grain is assumed as a tetrakaidecahedron, as shown in Figure 3.1. (a), where the red 
line represents a dislocation and D denotes the grain size. As a result, most of the slip 
planes take on a hexagonal cross section, as shown in Figure 3.1. (b), where the edges 
represent GBs and the vertices triple junctions. As mentioned in Section 2.1., due to 
defect structures and stress concentration, GB triple junctions are highly probable 
locations for dislocation emission [37,40]. When RSS in a slip system is lower than the 
CRSS for dislocation propagation, the source remains inactive. However, when RSS 
reaches or exceeds CRSS, the dislocation source unpins, then glides across the grain 
without further increase in RSS. The critical configuration, corresponding to the state 
where RSS is equal to CRSS, is depicted in Figure 3.1. (c). Denoting RSS on slip system 
α as 𝜏𝛼 and CRSS as 𝜏𝐶𝑅𝑆𝑆, the dislocation source length L between two pinning points 






1 dddd       (4) 
 
where θ is the angle between GB1 and GB2, d1 is the distance between the pinning site at 
GB1 and the triple junction, and d2 the distance between the pinning site at GB2 and the 
triple junction. 


















      (5) 
 
where A is a prefactor of the order of unity, μ is the shear modulus, b is the magnitude of 
Burgers vector, and r0 the dislocation core size. According to this equation, 𝜏𝐶𝑅𝑆𝑆  is 
controlled by L—the shorter the dislocation source length, the higher 𝜏𝐶𝑅𝑆𝑆 is. It has been 
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shown by Scattergood et al. [108] that Foreman’s formula can well capture 𝜏𝐶𝑅𝑆𝑆 in NC 





Figure 3.1.  (a) Schematic illustration of a dislocation source emanating from a grain 
boundary triple junction in a nanograin. (b) Schematic illustration of a dislocation source 
(red) at a grain boundary triple junction. L is the dislocation source length. The shape of 
the grains is assumed to be a regular hexagon. (c) Schematic illustration of another source 
of a different length L. Length L is the distance between two pinning points at Grain 
Boundary 1 (GB1) and Grain Boundary 2 (GB2), respectively. d1 and d2 are the 
distances between the two pinning points and the triple junction, respectively, and D is 




Due to the fluctuation in local defect structure and stress state at GB triple 
junctions, each dislocation source can be pinned at different locations along GBs, giving 
rise to different d1 and d2 values. Consequently, the length of dislocation sources emitted 
from the same triple junction varies statistically. Since grain size D places an upper limit 
on dislocation source length L, a grain size effect is introduced. For a hexagonal cross 
section, θ = 2/3π in Equation (4), and when d1 and d2 are expressed in multiples of the 
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which is the only grain size effect introduced into the model. 
For a given grain size D, the ensemble of all possible combinations of dislocation 
pinning sites, which are equally likely to occur, yields a particular distribution of 
dislocation source length L. Figure 3.2. (a) shows the L distribution for NC Ni at grain 
sizes of 20 and 100 nm, respectively. Statistically varying source length L leads to 
statistical distribution of 𝜏𝐶𝑅𝑆𝑆. Figure 3.2. (b) shows the corresponding probability 
density distribution of 𝜏𝐶𝑅𝑆𝑆 for the two grain sizes. It can be seen that 𝜏𝐶𝑅𝑆𝑆 distribution 
is asymmetric, partly due to the lower bound of 𝜏𝐶𝑅𝑆𝑆 that corresponds to the upper 
bound of L, i.e. grain size D. Figure 3.2. (c) compares the 𝜏𝐶𝑅𝑆𝑆 distribution at grain sizes 
of 25, 100 and 300 nm, respectively. As D increases, not only does the mean value of the 
distribution decrease, the dispersion about the mean also decreases. Thus statistically, 
dislocation activation becomes easier (due to a decrease in mean value) and less variable 
(due to a decrease in dispersion) as grain size increases. As will be seen later, grain size 
has a profound influence on the mechanical behaviors of NS metals and alloys. 
To quantitatively evaluate the grain size effects on the distribution of 𝜏𝐶𝑅𝑆𝑆 and 
also to generalize the results so that they can be used in other numerical simulations, 
probability distribution fitting for 𝜏𝐶𝑅𝑆𝑆 is performed. It is found that for NC Ni with 
grain size ranging from 10 nm to 300 nm, 𝜏𝐶𝑅𝑆𝑆 distribution follows the generalized 
extreme value distribution, which is formally expressed by the following equations [109]:  
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Figure 3.2. (a) Probability density distribution of dislocation source length L for NC Ni at 
grain sizes of 20 and 100 nm. (b) The corresponding CRSS distribution for NC Ni at the 
two grain sizes. (c) Probability density distribution of CRSS for NC Ni at grain sizes of 




3.3. DISCRETE CRYSTAL PLASTICITY FINITE ELMENT MODEL 
The statistical GB dislocation source model is incorporated into a discrete CPFE 
model to solve for stress, strain and other variables. The model is built with and solved by 
finite element software package ABAQUS. Different NS metals such as NC, NT and HL 
structures require different geometric models, which are detailed in each publication in 
succeeding chapters. Here, for the simplicity of description, a model representing a NC 
Ni polycrystal is used, which is shown in Figure 3.3. It consists of 10×10×10 grains, each 
represented by an eight-node linear brick element with reduced integration (C3D8R). 
Each grain is randomly assigned an initial crystallographic orientation defined with three 
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random Euler angles (𝜓, 𝜃, 𝜑), rendering the polycrystal initially texture-free and 
macroscopically isotropic, and each grain is colored according to the maximum Schmid 
factor among the 12 FCC {111}<110> slip systems in that grain in Fig. 3.3. Uniaxial 
tension is imposed on the z+ surface of the polycrystal along the z+ direction at a 





Figure 3.3.  Schematic illustration of NC Ni polycrystal consisting of 10×10×10 grains. 
Each cube represents a single grain with a random crystallographic orientation. Each 





A user-defined material (UMAT) subroutine accounting for elasto-viscoplastic 
response of polycrystals under deformation developed by Marin et al. [99,110,111] is 
modified to accommodate the CPFE model. The flow kinematics is based on the 
multiplicative decomposition of the deformation gradient F into an elastic component Fe 
and a plastic component Fp, and the elastic component is further decomposed into the 




𝑭 = 𝑽𝑒𝑭∗, 𝑭∗ = 𝑹𝑒𝑭𝑝     (8) 
 
where Fp represents the plastic shear of crystal lattice induced by dislocation motion or 
twinning, and Ve and Re denote elastic stretch and rotation of the lattice, respectively. 
Accordingly, the decomposition of the deformation gradient introduces two intermediate 
configurations between the original undeformed configuration (𝐵0) and the current 
configuration (𝐵), which are denoted as ?̅? and ?̃?, respectively, as shown in Figure 3.4 
[99]. The constitutive equations are formulated with respect to ?̃?. This configuration can 
be obtained by first plastically shearing the undeformed crystal lattice (applying Fp) then 
elastically rotating it (applying Re). Alternatively, it can also be attained by releasing the 





Figure 3.4.  Multiplicative decomposition of the deformation gradient F and the 
corresponding crystal lattice configurations defined by such a decomposition. 𝐵0 denotes 
the undeformed configuration and 𝐵 the current configuration. Two intermediate 
configurations are introduced, with ?̅? defined by plastic shearing the crystal lattice (Fp) 
and ?̃? by further elastically rotating the lattice (Re). The constitutive equations are written 





The elasto-viscoplastic constitutive equations are summarized here: 
 




= 𝝐?̇? + 𝝐𝑒?̃?𝑒 − ?̃?𝑒𝝐𝑒 
                          𝒘 = −𝑠𝑘𝑒𝑤(𝝐?̇?𝝐𝑒) + ?̃?𝑒 + ?̃?𝑝, ?̃?𝑒 = ?̇?𝑒𝑹𝑒𝑇 
𝐸𝑙𝑎𝑠𝑡𝑖𝑐𝑖𝑡𝑦:      𝝉 = ℂ̃𝒆: 𝝐𝑒 








                         ?̇?𝛼 = Φ(𝜏𝛼) 
                         𝜏𝛼 = 𝝉: 𝑠𝑦𝑚(?̃?𝛼) = 𝝉: ?̃?𝛼 
 
  (9) 
where 𝒅 is the rate of deformation, 𝝐𝑒 is the elastic strain, 𝝐𝑒
∇
 is the Green-McInnis-Naghdi 
rate type of  𝝐𝑒, ?̃?𝑝 is the plastic rate of deformation, ?̃?𝑒 is the elastic lattice spin, 𝒘 is the 
spin tensor, ?̃?𝑝 is the plastic spin tensor, 𝑹𝑒 is the orthogonal rotation tensor, 𝝉 is the 2nd 
Piola-Kirchhoff stress, ℂ̃𝒆 is a fourth-order anisotropic crystal elasticity tensor, ?̅?𝑝 and ?̅̅̅?𝑝 
are the plastic rate of deformation and plastic spin in configuration ?̅?, respectively, ?̇?𝛼 is 
the shear strain rate in slip system α, ?̃?𝛼 is the Schmid tensor, and 𝜏𝛼 is the RSS in slip 
system α. A two-level iterative scheme [112] is used to solve the constitutive equations. 
The UMAT code was originally written for conventional CG metals where strain hardening 
was described by a phenomenological hardening law based on homogenous dislocation 
slip. It has been modified to accommodate discrete dislocation slip events in NS metals. 
These modifications are described in the next section. 
 
 
3.4. SLIP SYSTEM KINETIC EQUATIONS 
The probability density distribution of 𝜏𝐶𝑅𝑆𝑆 obtained from the statistical 
dislocation source model is incorporated into the CPFE framework through assignment of 
𝜏𝐶𝑅𝑆𝑆. Each slip system is randomly assigned a value from the 𝜏𝐶𝑅𝑆𝑆 distribution 
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corresponding to its grain size. When 𝜏𝛼 is below 𝜏𝐶𝑅𝑆𝑆, a dislocation is pinned at GBs 
and unable to bow out, and the crystal essentially undergoes elastic deformation [38]. 
This is numerically fulfilled by making the shear strain rate ?̇?𝛼 extremely small in the 
model [50]. In contrast, when 𝜏𝛼 reaches or exceeds 𝜏𝐶𝑅𝑆𝑆, the dislocation acquires 
sufficient driving force to unpin, and the slip system becomes active. Once a slip event 
begins, the dislocation propagates unhindered across the entire grain and is absorbed by 
GBs at the opposite end of the grain, and the stress required for sustaining its propagation 
is lower than the critical activation stress 𝜏𝐶𝑅𝑆𝑆 [38]. In such a scenario, a power-law type 
kinetic equation is used for shear strain rate ?̇?𝛼: 
 






𝑠𝑖𝑔𝑛(𝜏𝛼)                            𝜏𝛼 > 𝜏𝐶𝑅𝑆𝑆  
(10) 
 
where  ?̇?0 is a reference shear strain rate, 𝜏
𝛼 is the RSS in slip system 𝛼, 𝜏𝐶𝑅𝑆𝑆 is the CRSS 
for a particular slip event randomly sampled from the 𝜏𝐶𝑅𝑆𝑆 distribution, and 𝑚 is the strain 
rate sensitivity exponent. 
GB emission of dislocations alters local GB structure, resulting in changes of 
dislocation source length L in subsequent emission events [35,113]. Hence a new 𝜏𝐶𝑅𝑆𝑆 
value is randomly selected from 𝜏𝐶𝑅𝑆𝑆 distribution for every new dislocation slip event. 
To indicate when a slip event has completed and thus a new value of 𝜏𝐶𝑅𝑆𝑆 needs to be 
assigned, the accumulated shear strain 𝛾𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑒  induced by a discrete slip event across a 
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where c is a scaling parameter having a value of 1.2 which is independent of D, b is the 
magnitude of Burgers vector of the NS metal, D is grain size, and M is a constant that 
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Nanocrystalline (NC) metals are ultrastrong because they contain an unusually 
high density of grain boundaries (GBs) that act as sources and sinks for dislocations and 
significantly modify dislocation motion. In this study, we seek to understand the 
relationship between discrete dislocation emissions from GBs and grain size effects seen 
in the strength of NC metals.  We propose a statistical GB dislocation source model 
responsible for discrete dislocation slip events. We find that the grain size limitation on 
dislocation source sizes gives rise to grain size effects on the statistical distribution for 
the critical resolved shear stress (CRSS) for discrete slip events.  To establish its impact 
on mechanical behavior, this GB source model is integrated into a 3D crystal plasticity 
finite element model for NC Ni.  We observe that a Hall-Petch scaling in yield strength 
emerges from the calculations.  Further the predictions achieve quantitative agreement 
with experimental data from several studies across a wide range of average nanograin 
sizes.  It is revealed that statistical dispersion in the CRSS for discrete slip events causes 
a) strain hardening in the macroscale flow stress-strain response and b) the fraction of 
grains that accommodate the applied strain and the fraction of active grains that undergo 
multi-slip to strongly depend on grain size.  It is also found to lead to an unusual texture 
effect on slip activity that is significant in the finer nanograins but weak in larger grains 
(> 100 nm). In addition, it causes increases in heterogeneity in strain concentrations with 
decreasing grain size, suggesting that plastic instabilities are more likely to form as nano-




Nanocrystalline (NC) metals with grain sizes smaller than 100 nm have attracted a 
lot of attention in the materials science field for decades because of their ultra-high 
strength and hardness [1,2]. Many experiments have shown that the yield strength of NC 
metals increases with decreasing grain size D for D larger than a critical size, e.g., ~10 
nm [3].  Most often this size effect closely follows an empirical Hall-Petch (H-P) 
relationship, in which the yield strength is inversely proportional to the square root of D 
[4]. This H-P relationship, however, originates from studies of coarse-grained (CG) 
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metals and for several decades has been remarkably successful in describing grain size 
effects in an impressively broad range of CG metals [3,4].  Most attempts to explain H-P 
effects are based on deformation mechanisms characteristic of CG metals, such as 
dislocation pile ups [3,4].  It is, therefore, interesting that this grain size scaling 
relationship persists in NC metals as well, although many of the basic dislocation 
processes and mechanisms operating in NC and CG metals are believed not to be the 
same [3,4].  Although much knowledge on the deformation mechanisms particular to NC 
metals has been obtained over the past few decades, it has yet to be clarified why the H-P 
relationship also fits the yield strength of NC metals. 
In some respects, NC and CG metals accommodate mechanical strains in a similar 
way.  Both experimental and computational studies have indicated, for instance, that 
dislocation-mediated plasticity prevails inside the grains of NC metals, as they do in CG 
metals, even for grain sizes as small as ~ 10 nm (the actual grain size varies with 
material) [5,6]. However, unlike in CG metals, it is generally believed that dislocations, 
whether perfect or partials, originate predominantly from the GBs and not from the grain 
interiors [5,7]. Also, in great contrast to CG metals, dislocations seldom accumulate 
inside NC grains [8]. These two differences lead to the following physical picture of how 
strain is distinctly accommodated in NC metals:  dislocations are emitted from grain 
boundaries due to local stress concentration, then continue to bow out, slip across the 
relatively clean grain interior, and eventually are absorbed by the GBs at the other end of 
the grain, which has been seen in numerical simulations [2,9-11].  However, how this 
discrete action can lead to grain size effects, especially one nearly described by a 
traditional H-P relationship, is still unclear.   
In addition to predicting this mechanism, molecular dynamics (MD) simulations 
have added much more insight. Through a series of statistical analyses of atomistic 
simulations on the plastic deformation of NC metals, Van Swygenhoven and coworkers 
found that dislocations preferred to nucleate at GB triple junctions or stress concentrators 
at GBs and the resolved shear stress (RSS) required for the nucleation of dislocations was 
lower than that for propagation [5,12,13].  Specifically, dislocation sources have already 
nucleated from and are readily available at GB triple junctions or stress concentration 
points well before the RSS in a slip system reaches or exceeds the CRSS for dislocation 
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slip across the grain. Physically these sources are dislocation segments that have emerged 
from the triple junction and are pinned on each end at the adjacent grain boundaries.  
Propagating this source requires unpinning the dislocation segment from the GBs.  
Although depinning can be thermally assisted, it appears to be largely mechanically 
driven. Taken together, these results suggest that dislocation-mediated plasticity in NC 
fcc metals is predominantly determined by dislocation propagation rather than nucleation 
[5].  
Predicting how the foregoing effects would impact NC strength and give rise to 
grain size effects calls for larger-scale materials models. At present, it is not feasible to 
use atomistic models exclusively to span a broad range of nanograin sizes (up to 100 nm 
and higher) and applied strain rates (~10-4 to 103/s) realized experimentally. Toward this 
end, several mesoscopic models based on the motion of discrete or homogenized 
dislocations have been proposed to understand experimental observations of grain size 
effects on the strength and ductility of NC metals. Asaro et al. [14] adopt the concept of 
dislocation nucleation at GBs and calculate an athermal critical nucleation stress for full 
as well as partial lattice dislocations. The critical stress scaled with 1/D, thus introducing 
a length scale. Zhu et al. [15,16] extends this work by including the grain size 
distributions for predicting overall mechanical response of NC aggregates. They assumed 
that the total plastic rate of deformation is given as the sum of the contribution by 
stacking fault emission and by grain boundary sliding. The grain size distributions were 
represented by log-normal distributions. Their simulation results showed that the 
mechanical response of NC Ni is sensitive to grain size distribution, that is, not simply to 
the mean grain size, but also to the spread (variance) about the mean grain size. Fu et al. 
[17] propose a two-phase (core and mantle) model to investigate how yield stress 
depends on grain size in the NC regime. The core represents material that work hardens 
in the vicinity of GBs, where multiple slip systems are activated to satisfy compatibility. 
They predicted that the thickness of the work-hardened layer is equal to one half the grain 
diameter and the H-P slope decreases with grain size in NC domains. Inspired by MD 
simulation results on the discrete motion of dislocation loops in nanograins, Li et al. [18] 
developed a quantized crystal plasticity finite element model to characterize the 
distinctive features of NC Ni, one that included a quantized jump in shear strain rate 
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when a slip system from a GB was activated. They applied the model to study the effect 
of statistically varying the critical resolved shear stress (CRSS) among the grains on the 
stress-strain responses of NC Ni. They found that a smaller fraction of grains plastically 
deforms to carry the global plastic strain in NC metals than coarser grained metals. While 
prior modeling efforts have predicted size effects in mechanical response, the link 
between discrete dislocation slip from GBs and the grain size effects seen in the 
macroscopic deformation response of NC metals is still unclear.  
To make this link, a question that needs to be addressed is how would the 
emission of dislocations from discrete GB sources depend on grain size? It is often 
conjectured that the size of the dislocation source scales with D [6,19]. Thus, larger 
length sources accompany larger grains and require less stress to propagate.  At the same 
time, it has been shown that when source lengths are made constant, the stress to nucleate 
is insensitive to grain size [10]. We envision that grain boundaries may nucleate many 
dislocation sources, which are doubly pinned dislocation segments, but only few 
experience a sufficiently high stress needed to activate them, enabling them to bow out 
and propagate across the grain. The required characteristic stress, the CRSS, will depend 
on the initial length of the dislocation source, the ‘source length’.  This source length is 
not expected to be the same for all dislocations produced by the grain boundary, even 
when originating from the same boundary and from the same location on that boundary. 
Consequently, the formation of dislocation sources varies statistically in time and 
position due to fluctuations in the defect state and local stresses at the boundary. 
Dispersion in source lengths will lead to dispersion in the CRSS to activate them.  Grain 
size D presents a geometric upper bound on the source length.  In this way, D can also 
impact the distribution of the CRSS values to activate them. 
In this study, we aim to understand the effect of variations in GB source lengths 
on grain size effects in nanocrystalline strength.  We develop a statistical model for 
random source lengths and show that it gives rise to an extreme value distribution in the 
characteristic stress 𝜏𝐶𝑅𝑆𝑆 to activate the source.  Decreasing grain size is found to not 
only increase the mean but also the statistical dispersion in the distribution of 𝜏𝐶𝑅𝑆𝑆. By 
incorporating this model into a 3D CPFE model for the deformation of NC Ni, we show 
that the statistical variability is responsible for strain hardening and the Hall-Petch scaling 
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seen experimentally. The model also reveals that the statistical dispersion can give rise to 
a pronounced texture effect, higher propensity for multi-slip, and increased heterogeneity 
in strain concentrations as D decreases further in nanoscale dimensions.  These findings 
help to explain the reduced ductility observed in NC metals as nanograin sizes decrease.   
The rest of the paper is organized as follows. Section 2 introduces the statistical 
model for 𝜏𝐶𝑅𝑆𝑆 and briefly describes the crystal plasticity finite element model. In 
section 3, the results of grain size dependent behavior are discussed and compared with 
experimental data on NC Ni.  This is followed by conclusions and implications for 




2.1 Grain boundary dislocation source model.  We develop a geometrically 
based, statistical model for the characteristic stresses needed to activate a dislocation 
source from a GB and propagate the dislocation across the grain. As our interests lie in 
grain size effects, we do not consider any contributions from thermally activated 
processes. Thus the activation of gliding dislocations is governed entirely by stress alone.  
Also, focusing on NC metals, we assume that mobile dislocations are emitted solely from 
GBs and not within the grain interiors.  In addition, we rely on the finding from atomistic 
simulations that the activation barrier for propagation is larger than that for nucleation 
[5]. Thus the characteristic stress we aim to model is a CRSS required to propagate a 
dislocation source that has already emerged from a GB.   
The model grain cross-section is idealized as a hexagon, as shown in Fig. 1(a), 
where the sides represent GBs formed within differently oriented grains and hence the 
corners are triple junctions. As mention earlier, it has been reported from MD simulations 
that these triple junctions are highly probable locations for dislocation emission as they 
tend to be regions both high in stress and dense with structural defects [13,20]. On this 
basis, the dislocation source geometry used in the present model is based on its formation 
from triple junctions (see Fig. 1(a)). 
We denote 𝜏𝐶𝑅𝑆𝑆  as the critical resolved shear stress that determines whether a 
dislocation source produced by a triple junction bows out and slips across the grain. 
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When the resolved shear stress 𝜏𝛼  on the slip system α of the source lies below the 
characteristic 𝜏𝐶𝑅𝑆𝑆 of the source, then the source remains inactive. However, when 
𝜏𝛼  exceeds 𝜏𝐶𝑅𝑆𝑆, the dislocation propagates across the grain without further increases in 
𝜏𝛼. The critical point, 𝜏𝛼  = 𝜏𝐶𝑅𝑆𝑆, is associated with a pinned configuration, where the 
source is pinned at the triple junction at grain boundaries (GB1 and GB2), as depicted in 
Fig. 1(b).  The length of the dislocation between the two pinned points L is the source 




2 − 2𝑑1𝑑2cos 𝜃   (1) 
 
In the above expression, θ is the angle between GB1 and GB2, d1 is the distance 
between the pinning site on GB1 and the triple junction, and d2 the distance between the 
pinning site on GB2 and the triple junction. 
To relate L to 𝜏𝐶𝑅𝑆𝑆 we employ Foreman’s formula for the bow-out stress of a 










)   (2) 
 
where A is a prefactor on the order of unity, μ is the shear modulus, b is the magnitude of 
the Burgers vector, and r0 the dislocation core size. According to this model, 𝜏𝐶𝑅𝑆𝑆  is 
controlled by L--the shorter the dislocation source length, the higher the stress required 
for propagation. It has been shown by Scattergood et al. [22] that this dislocation bow-out 
model can capture well the 𝜏𝐶𝑅𝑆𝑆  in NC materials. 
The defect structure and local stresses at the triple junctions are expected to 
fluctuate in time and vary spatially.  Thus, each source that is emitted from a triple 
junction can be pinned at different locations d1 and d2.  In this way, the length of 
consecutive sources emitted from the same triple junction can even vary. Consequently, 
source length L will vary statistically.  Whether there is a bias toward smaller values of d1 
and d2 (and L) over larger ones is not known.  Here we presume, as a practical upper 
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bound, the highest variability in L, which translates to the case where all pinning point 





Figure 1.  (a) Schematic of a dislocation source (red) at a grain boundary triple junction. 
The length L is the dislocation source length. The shape of the grains is assumed to take 
on a regular hexagon. (b) Schematic of another source of different length L. The length L 
is the distance between two pinning points on Grain Boundary 1 and Grain Boundary 2, 
respectively. The d1 and d2 are the distances between the two pinning points and the triple 




Note that as expressed in Eqns. (1) and (2), neither L nor 𝜏𝐶𝑅𝑆𝑆  has an explicit 
dependence on grain size D.  However, a grain size effect arises because D affects the 
range of d1 and d2 and hence places an upper limit on L.  Returning to Eq. (1), for a 
hexagonal cross-section, θ = 2/3π and when d1 and d2 are expressed in multiples of the 
inner cutoff radius r0 (the dislocation core size [21]), then it can be shown that the range 




√3𝑟0 ≤ 𝐿 ≤ 𝐷   (3) 
 
This is the only grain size effect in the model.  
For a given D, the ensemble of all possible combinations of dislocation pinning 
sites, which are equally likely to occur, yields a particular distribution of dislocation 
source lengths L. Fig. 2 (a), (c) and (e) shows the L distributions for grain sizes of 20 nm, 
50 nm and 300 nm, respectively. The model parameters used to calculate L are: 𝐴 = 1.0, 
𝜇 = 76 GPa, 𝑏 = 0.25 nm and 𝑟0 = 0.5 nm.  
Statistical varying source lengths L lead to statistical variations in 𝜏𝐶𝑅𝑆𝑆. Fig. 2 
(b), (d), (f) shows the corresponding probability density distribution of 𝜏𝐶𝑅𝑆𝑆. It can be 
seen that the 𝜏𝐶𝑅𝑆𝑆 distribution is asymmetric, due in part to the lower bound in 𝜏𝐶𝑅𝑆𝑆 that 
corresponds to the upper bound on L, the grain size D. Thus, the lower bound of 𝜏𝐶𝑅𝑆𝑆 for 
a specific grain size scales as logD/D based on Eq. (2).  
We also see an interesting grain size effect on 𝜏𝐶𝑅𝑆𝑆. As D increases, the 
distribution shifts toward lower values and the dispersion decreases. Thus, by virtue of 
statistical source lengths from grain boundaries, dislocation activation becomes easier 
(the statistical mean decreases) and less variable (the statistical dispersion decreases) as 
grain size increases. With this, we can anticipate that yield and flow stresses will be 
lower in the coarser grain size metals than in the finer nanograin metals, yet how the 
grain size effect on the statistical dispersion in 𝜏𝐶𝑅𝑆𝑆 impacts NC deformation response 
are not so readily recognizable and is one objective of the polycrystalline plasticity 
calculations that follow.  
In order to quantitatively assess the grain size effect on the distributions of 𝜏𝐶𝑅𝑆𝑆 
and also to generalize the results such that can be used for any number of propagation 
events in other numerical calculations, we sought to characterize the 𝜏𝐶𝑅𝑆𝑆 distribution. 
We find that for D ranging from 10 nm to 300 nm, the 𝜏𝐶𝑅𝑆𝑆 distributions follow the 







Figure 2.  Probability density distribution of dislocation source lengths L with grain sizes 
of (a) 20 nm, (c) 50 nm and (e) 300 nm.  Probability density distribution of CRSS in Ni 









































where 𝑛 is the shape parameter, 𝑞 is the location parameter, and 𝑠 is the scale parameter. 
Interestingly this form appears to be special: the 𝜏𝐶𝑅𝑆𝑆 distributions did not obey any of 
the other extreme value distributions (e.g., Weibull) or any other of the common 
asymmetric statistical distributions. The values of 𝑛, q and 𝑠 associated with each D are 




Table 1.  Statistical parameters of the generalized extreme value distribution of 𝜏𝐶𝑅𝑆𝑆 for 
NC Ni at different grain sizes 
Grain size (nm) 𝑛 𝑠 (MPa) 𝑞 (MPa) 
10 0.1330 218.5 1195 
20 0.2895 169.5 770.5 
30 0.3341 140.0 592.7 
40 0.3635 117.5 479.1 
50 0.3788 103.1 409.9 
70 0.4003 82.62 318.2 
90 0.4133 69.41 262.1 




2.2 Crystal plasticity finite element (CPFE) model.  To relate the grain size 
effects on the  𝝉𝑪𝑹𝑺𝑺 distribution to grain size effects in NC strength, it is important to 
engage a crystal plasticity model of the aggregate. For this purpose, we select a crystal 
plasticity finite element (CPFE) formulation. CPFE model is a full-field model satisfying 
both strain compatibility and stress equilibrium [23,24]. Unlike mean-field crystal 
plasticity models, with CPFE we can assess compatibility at grain boundaries, satisfy 
local stress equilibrium, allow for heterogeneities in stress and strain within the grains 
and from grain to grain, and can account for grain neighborhood effects.  We tailor the 
CPFE model in this work so that the 𝝉𝑪𝑹𝑺𝑺 for each slip event on crystallographic slip 
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systems is equal to a value randomly selected from the statistical 𝝉𝑪𝑹𝑺𝑺  distribution 
corresponding to the appropriate grain size D.  
The CPFE model geometry of the simulated NC Ni is shown in Fig. 3. It consists 
of 10×10×10 grains, each represented by an eight-node brick finite element with reduced 
integration (C3D8R) using the commercial finite element software Abaqus. Each grain 
has a random initial crystallographic orientation defined with three random Euler angles 
(𝜓, 𝜃, 𝜑), rendering the polycrystal initially texture-free and macroscopically isotropic. 
Each grain thus has different Schmid factors for the 12 fcc 
1
2
〈110〉/(111) slip systems, 
and in Fig. 3 is colored according to the maximum Schmid factor in that grain.  A 
uniaxial tensile stress is imposed on the z+ surface of the cubic polycrystal along the z+ 
direction at a constant macroscopic strain rate 𝜀?̇?𝑙𝑜𝑏𝑎𝑙.  
The size of the model was selected carefully as the number of elements used in 
the finite element model plays a significant role in the precision of the simulation and the 
accuracy of the results. On one hand, insufficient numbers of elements are prone to 
computation instabilities and large variations in the obtained results due to the random 
nature of the simulation, such as the random sampling of 𝜏𝐶𝑅𝑆𝑆 from the statistical 
distributions (described in the next section) and of the crystallographic orientations of the 
grains. On the other hand, an excessive number of elements can lead to prolonged 
computation times without significantly improving the precision of the results. By 
carrying out several trial simulations, it was determined that a 10×10×10 size finite 
element model achieved the optimal balance between computational precision and costs.  
This size will be used hereinafter. 
A user-defined material (UMAT) code for an elasto-visco-plastic finite element 
model developed by Marin et al. [25] was used to establish the computational framework 
in this study. We only briefly summarize the constitutive equations here. The formulation 
is based on the multiplicative decomposition of the deformation gradient F into an elastic 
component Fe and a plastic component Fp, and the elastic component is further 






Figure 3.  Schematic of a CPFE model of NC Ni consisting of 10×10×10 grains. Each 
cube represents a single grain with a random crystallographic orientation. Each grain is 




𝑭 = 𝑽𝑒𝑭∗, 𝑭∗ = 𝑹𝑒𝑭𝑝   (5) 
 
There are two intermediate configurations between the undeformed configuration 
(𝐵0) and the current one (𝐵). The first intermediate configuration is defined by 𝑭
𝑝 and 
denoted as ?̅? while the second one defined by 𝑭∗ and denoted as ?̃?. The constitutive 
equations are formulated with respect to ?̃?. 
 




= 𝝐?̇? + 𝝐𝑒?̃?𝑒 − ?̃?𝑒𝝐𝑒 
                          𝒘 = −𝑠𝑘𝑒𝑤(𝝐?̇?𝝐𝑒) + ?̃?𝑒 + ?̃?𝑝, ?̃?𝑒 = ?̇?𝑒𝑹𝑒𝑇 
 
𝐸𝑙𝑎𝑠𝑡𝑖𝑐𝑖𝑡𝑦:     𝝉 = ℂ̃𝒆: 𝝐𝑒 




  (6) 
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                         ?̇?𝛼 = Φ(𝜏𝛼) 
                         𝜏𝛼 = 𝝉: 𝑠𝑦𝑚(?̃?𝛼) = 𝝉: ?̃?𝛼 
 
where 𝒅 is the rate of deformation, 𝝐𝑒 is the elastic strain, 𝝐𝑒
∇
 is the Green-McInnis-
Naghdi rate type of  𝝐𝑒, ?̃?𝑝 is the plastic rate of deformation, ?̃?𝑒 is the elastic lattice spin, 
𝒘 is the spin tensor, ?̃?𝑝 is the plastic spin tensor, 𝑹𝑒 is the orthogonal rotation tensor, 𝝉 
is the 2nd Piola-Kirchhoff stress, ℂ̃𝒆is the fourth order anisotropic crystal elasticity tensor, 
?̅?𝑝 is the plastic rate of deformation in the configuration ?̅?, ?̇?𝛼 is the shear strain rate in 
slip system α, ?̃?𝛼 is the Schmid tensor in ?̃?, ?̅̅̅?𝑝 is the plastic spin tensor in ?̅?, and 𝜏𝛼 is 
the RSS in slip system α. A two-level iterative scheme [26] was used to solve the 
constitutive equations. The UMAT code was modified to accommodate the current 
model. These modifications are described in the next section. 
2.3 Slip system kinetic equations.  Crystal plasticity formulations relate the 
kinetics of dislocation motion to a characteristic stress, often called the critical resolved 
shear stress 𝝉𝑪𝑹𝑺𝑺.  The probability density distributions of 𝝉𝑪𝑹𝑺𝑺 obtained from our 
dislocation source model are incorporated into this CPFE model through assignment of 
𝝉𝑪𝑹𝑺𝑺.  Each slip system is randomly assigned a value from the 𝝉𝑪𝑹𝑺𝑺 distribution 
corresponding to its grain size. There are 12 independently oriented slip systems in an fcc 
crystal and for any one slip system, there are many (parallel) planes. The 𝛕𝐂𝐑𝐒𝐒 that we 
assign to a particular slip system is viewed as the one associated with the largest pinning 
distance (the ‘weakest’ source) available for that slip system in the grain. 
As a deviation from most conventional crystal plasticity models, in the present 
model, slip occurs in discrete jumps or events. We define a slip event as the propagation 
of a single dislocation from its originating grain boundary to the opposing grain 
boundary. The activation of a slip event follows a simple physical picture. When the RSS 
in a specific slip system is lower than its assigned 𝜏𝐶𝑅𝑆𝑆, a dislocation is considered 
pinned at the grain boundary and unable to propagate. At such times, the slip system is 
inactive, hence there is no slip event, and the grain essentially undergoes elastic 
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deformation [5]. When the RSS reaches or exceeds 𝜏𝐶𝑅𝑆𝑆, the local stress is sufficiently 
high for the dislocation to unpin and escape from the GB pinning sites. As an activated 
slip event, the dislocation propagates quickly and unhindered across the entire grain. 
After the slip system is activated by the source model, we invoke a conventional 
flow rule to relate the magnitude of the slip rate ?̇?𝛼 to the resolved shear stress 𝜏𝛼  on the 
active slip system. In order to model the discrete nature of slip in NC Ni [5], we introduce 





















𝑠𝑖𝑔𝑛(𝜏𝛼)                           𝑖𝑓 |𝜏𝛼| ≥ 𝜏𝐶𝑅𝑆𝑆, .
 (7) 
 
where ?̇?𝛼 is the shear strain rate in slip system 𝛼, ?̇?0 is a reference shear strain rate, 






, 𝜏𝛼 is the RSS in slip system 𝛼, 𝜏𝐶𝑅𝑆𝑆 is 
the CRSS of that particular slip system, and 𝑚 is the strain rate sensitivity. For the active 
slip condition, we use a conventional rate-dependent formula, while for the inactive slip 
condition (|𝜏𝛼| < 𝜏𝐶𝑅𝑆𝑆), we adopt the method used in ref [18], which includes  𝐶(𝜏𝐶𝑅𝑆𝑆) 
into the conventional rate-dependent formula. The addition of 𝐶(𝜏𝐶𝑅𝑆𝑆), which is a very 
small value, guarantees an extremely small magnitude of ?̇?𝛼, and thus ensures elastic 
deformation during inactive slip. This approach is distinct from the conventional 
application of the flow rule, which is to use it to both activate slip and calculate its slip 
rate. Here, the source model is used to determine the number of active slip systems and 
the flow rule is employed to determine the slip rates among these active slip systems.   
To indicate when a slip event has completed, we calculate the accumulated shear 
strain 𝛾𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑒  induced by a discrete slip event across a grain of size D, using a model 
developed by Li et al. [18], which is given by 
 









where c is a scaling parameter having a value of 1.2 that is independent of D, b is the 
magnitude of Burgers vector of Ni, D is the grain size, and M is a constant that depends 







where 𝜇 is the shear modulus and 𝜐 the Poisson’s ratio.  
The 𝜏𝐶𝑅𝑆𝑆  can not only vary spatially but also temporally. Once a discrete slip 
event has finished for a particular slip system, a new 𝜏𝐶𝑅𝑆𝑆  can be assigned to that slip 
system.  The updated value should reflect any changes in the defect structure of the 
boundary that can alter source lengths. For instance, more dislocation-grain boundary 
interactions can lead to more grain boundary ledges, thereby decreasing pinning distances 
and increasing the 𝜏𝐶𝑅𝑆𝑆. It is also possible that pinning points could be removed by the 
nucleation of dislocations or shifted due to thermally activated motion and 
rearrangements of defects within the boundary to lower energy configurations [27-31]. 
With these possibilities in mind, we make a simple assumption that old and new values of 
𝜏𝐶𝑅𝑆𝑆 are uncorrelated; that is, a new value of 𝜏𝐶𝑅𝑆𝑆 is randomly selected from the 𝜏𝐶𝑅𝑆𝑆 
distribution for each new slip event. 
2.4 Calibration of parameters.  To calibrate a few of the material parameters, 
the computed tensile stress-strain responses of the NC Ni model were compared with 
experimental results from NC Ni with average grain sizes of 50 nm and 300 nm [32]. As 
shown in Fig. 4(a), our computed stress-strain curves match the experiment curves 
reasonably well. The few material parameters used in this calculation are summarized in 
Table 2. These will be used hereinafter. 
It should be mentioned that the strain rate sensitivity exponent, m, and reference 
shear strain rate, ?̇?0 were not fitted, but simply set to 0.1 and 0.01 s
-1, respectively, both 
of which are standard values used in conventional crystal plasticity models for fcc 
materials. We also set the applied strain rate in our model to 1×10-4 s-1 to match 
Ebrahimi’s experiment [32].   
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In making this comparison with experimental curves, a few issues are noteworthy. 
First, the Ni grains in our model had completely random crystallographic orientations. 
However, the electrodeposited Ni fabricated and mechanically tested by Ebrahimi et al. 
may have contained certain preferred orientations in their textures. For this reason, we 
explore texture effects in Section 3.4, but still using the parameters given in Table 2. 
Second, the grain size in Ebrahimi’s sample is not as uniform as that in our model. This 
non-uniformity in grain size could impact the tensile stress-strain responses compared to 
samples with ideally uniform grain sizes. Third, this CPFE model did not account for 
other stress-relief mechanisms, such as grain boundary sliding, which gradually becomes 
more important when the grain size approaches several nanometers [1].  Nonetheless, 
with the same few parameters, the agreement with the experimental curves with two very 
different average grain sizes is good.  
Using these parameters, Fig. 4(b) displays computed true stress vs. global plastic 
strain curves for NC Ni of grain sizes ranging from 10 nm to 300 nm.  The model 
predicts an increase in strength with decreasing grain sizes.  The fact that a strong size 
effect emerges is interesting. This apparent size effect arises only from the statistical 
distributions of source strengths 𝜏𝐶𝑅𝑆𝑆 obtained for each grain size D (see Fig. 2), 
wherein D only provided an upper limit on source length. 
Before probing further the link between random size sources and grain size effects 
on the macroscopic flow stress, it is important to mention that we did not take the model 
outside of the grain size range 10 nm to 300 nm since it assumes that strain is solely 
accommodated by dislocations emanating from the grain boundaries. Below 10 nm, grain 
boundary sliding is believed to also contribute to strain accommodation and 300 nm and 
above, dislocations may nucleate not only from the grain boundaries but also from inside 
the grains.  
 
 
3. Results and Discussion 
3.1 Effect of the distribution of 𝝉𝑪𝑹𝑺𝑺.  One important aspect in agreement 
between the experimental and predicted stress-strain curves in Fig. 4 (a) is strain 
hardening. Strain hardening is predicted by the model even though no explicit input for 
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strain hardening at the subgrain or grain level was incorporated into the formulation. 
Specifically, the values of 𝝉𝑪𝑹𝑺𝑺 were assumed constant as the dislocation glides from 
one grain boundary to the next. It is well known from prior crystal plasticity modeling 
that when 𝝉𝑪𝑹𝑺𝑺 does not evolve with strain, macroscopic strain hardening could arise as 
a consequence of texture evolution [33]. During the NC Ni deformation, however, we 
found that the texture did not evolve significantly. Without significant texture evolution 






Figure 4.  (a) Calculated global true stress vs. global plastic strain curves (solid lines) for 
polycrystalline Ni of grain sizes 50 nm and 300 nm with random crystallographic 
orientations, compared with experimental data (symbols) [29]. (b) Calculated global true 
stress vs. global plastic strain curves for NC Ni of grain sizes ranging from 10 nm to 90 




Table 2.  Summary of material parameters for NC Ni 
Elastic moduli 
C11 (GPa) C12 (GPa) C44 (GPa) 







On this basis, we examined whether the statistical dispersion in dislocation 
sources affected strain hardening.  We repeated the same deformation simulations for NC 
Ni of the same grain size and initial texture but where the value of  𝜏𝐶𝑅𝑆𝑆
𝐷   was 
deterministic, that is, equal and constant for all slip systems and all slip events. These 
values for 𝜏𝐶𝑅𝑆𝑆
𝐷  were taken directly from the stress-strain curves presented in the paper 
by Ebrahimi et al. [32] (𝜏𝐶𝑅𝑆𝑆
𝐷  = 306 MPa and 113 MPa for grain sizes of 50 nm and 300 
nm, respectively). Fig. 5 (a) compares the stress-strain response from these deterministic 
cases for NC Ni with grain sizes of 50 nm and 300 nm with the statistical ones. 
Regardless of grain size, the deterministic cases did not exhibit strain hardening, but the 
statistical cases did. Furthermore, other grain sizes showed similar differences and the 
texture evolution among these cases was similar.  
In this model, 𝜏𝐶𝑅𝑆𝑆 varies not only spatially but also temporally as deformation 
proceeds.  We can remove the latter by assigning an initial spatial variation in 𝜏𝐶𝑅𝑆𝑆 for 
the 12 slip systems in all grains and not altering it after each discrete slip event.  The 
corresponding stress-strain curves for this case (referred to as the ‘strain independent’ 
case) are also given in Fig. 5 (a).  Like the deterministic cases these exhibit little strain 
hardening during plastic flow. Furthermore, they deviate from the full model calculation 
as well as the measurements as strain and grain size increase. These results suggest that 
the spatial variation in τCRSS contributes to the onset of yielding, while the temporal 
variation in 𝜏𝐶𝑅𝑆𝑆 contributes to strain hardening during plastic flow.   
To understand how strain hardening could be a consequence of the statistical 
dispersion, we studied the slip activity underlying the calculated plastic responses 𝜏𝐶𝑅𝑆𝑆. 
In traditional coarse-grained metals, strain hardening is associated with multi-slip within 
  
49 
the grains. We analyzed the ratio of the number of grains with multi-slip events to the 
number of grains with single slip events, Rm, which is plotted in Fig. 5 (b). As shown, 
apart from the initial plastic deformation, Rm for the constant 𝜏𝐶𝑅𝑆𝑆 cases are all higher 
than those for the cases with statistical 𝜏𝐶𝑅𝑆𝑆  distributions. Thus, unlike in traditional 





Figure 5.  (a) Global true stress vs. global plastic strain and (b) the ratio of the number of 
grains with multiple slip events to the number of grains with single slip events, Rm, for Ni 
polycrystals of grain sizes 50 nm and 300 nm, respectively. The dashed curves represent 
those calculated with a constant 𝜏𝐶𝑅𝑆𝑆, while the solid ones represent those calculated 
with the dislocation source distribution of 𝜏𝐶𝑅𝑆𝑆. The experimental stress-strain data for 






Based on the foregoing results, we propose that statistical source sizes from grain 
boundaries provide a discontinuous, non-monotonic variation in 𝜏𝐶𝑅𝑆𝑆 with strain, which 
leads to strain hardening.  In the model, 𝜏𝐶𝑅𝑆𝑆 are different for different slip systems and 
changes after each slip event.  This variability makes it difficult for the system to find 
enough slip systems to carry the plastic strain at a constant stress. Consequently, the 
applied stress needs to increase with deformation in order to activate a sufficient number 
of slip events on a sufficient number of slip systems.  This origin of strain hardening for 
NC metals differs from that in coarse-grained metals in which  𝜏𝐶𝑅𝑆𝑆 varies continuously 
and monotonically with strain due to the storage of dislocations. This finding shows how 
strain hardening can arise in a NC material without storage of dislocations within the 
grain interiors. 
3.2 Grain size dependent strength.  As highlighted in the introduction, one of 
the characteristic mechanical properties of NC metals and alloys is that as grain size 
becomes smaller the strength becomes higher (the Hall-Petch relationship). The classical 
Hall–Petch relationship has been used for several decades to describe the effect of grain 
size on the yield point of a polycrystalline materials as σ = σ0 + kD−1/2, where σ is the 
yield stress, σ0 is often identified as the “friction stress” needed to move individual 
dislocations during deformation, k is a constant often referred to as the Hall–Petch slope 
and is material dependent, and D is the average grain size. There are a number of models, 
which have been proposed to account for the grain size dependence behavior in CG 
metals, such as the dislocation pile-up model [34,35], composite model [36,37] and 
dislocation density model [38,39]. Most of them need to assume that dislocations 
accumulate within the grain or near grain boundaries. However, dislocation storage in 
even heavily deformed nanocrystals is not seen experimentally [8,40]. In fact neither 
experiment nor atomistic simulation results can provide enough evidence to support the 
assumption of dislocation accumulation in nanograins [5,41].  
In this work, we incorporated our statistical dislocation source model into CPFE 
model to explore the grain-size dependent strength of NC Ni. The 0.2% offset yield 
strength from our calculated stress-strain curves is plotted as a function of grain size in 
Fig. 6. For validation, these are compared with experimental yield strength data from the 
literature [32,42-48]. From Fig. 6, it can be seen that the calculated yield strengths 
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capture the grain-size dependent behavior with several recent experimental results on NC 
Ni.  The grain size scaling of the calculated strengths has an exponent of 0.63, which is 
close to the 0.5 characteristic of Hall-Petch. Likewise, the grouped experimental data set 
could be said to also follow a 0.63 scaling as well (see Fig. 6).  Nevertheless, a Hall-
Petch fit to the calculated strengths can be easily achieved with σ0 = 285 MPa and k = 
8.61 GPa•nm-1/2. Notably this size effect originates from the statistical 𝜏𝐶𝑅𝑆𝑆 distribution 
derived from considering the upper limit that grain size places on dislocation source 





Figure 6.  0.2% offset yield strength as a function of grain size D calculated using the 
statistical distribution for CRSS, compared with that calculated with a constant 
(deterministic) CRSS and with experimental results [29, 39-45]. The dashed line 




To gain insight on how the grain size effect in the 𝜏𝐶𝑅𝑆𝑆 distribution propagated 
through the length scales to that seen in the macroscopic yield strength, we repeated the 
calculations for the yield strength using only the mean of 𝜏𝐶𝑅𝑆𝑆 from the distributions in 
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section 2.1 for each grain size D in Fig. 6. According to Eq. (2) the mean of 𝜏𝐶𝑅𝑆𝑆 scales 
as log(D)/D. We see in Fig. 6 that the yield strength in this case deviates significantly 
from both the experimental observation and results from the stochastic simulation. 
Results of this comparison suggest that in addition to the basic log(D)/D size scaling of 
the 𝜏𝐶𝑅𝑆𝑆 distribution, the spatial and temporal variations in 𝜏𝐶𝑅𝑆𝑆 in deformation played 
an important role in the grain size effect on yield strengths predicted for NC Ni.  
We note that the Hall-Petch value of σ0 corresponding to each NC Ni 
experimental study varies significantly [49]. The source of this variation is not known 
and we suspect that it may be related to differences in the initial microstructure of the 
specimens.  For this reason, in Section 3.4, we probe the effects of initial texture. 
3.3 Effect of grain size on slip patterns across the NC material.  With the 
model for NC Ni, we can analyze the effect of grain size on the pattern of slip across the 
material associated with the stress-strain responses in Fig. 4.  Due to the challenges of 
viewing deformation processes in situ within NC metals, very little is known about the 
slip patterns arising as NC metals deform. Whether slip across the grain structure is 
heterogeneous or homogeneous or whether grains deform in multi-slip or single slip have 
yet to be clarified.   Experiments have revealed that textures evolve in NC Ni and other 
NC fcc metals, suggesting crystallographic slip within the grains [6,50,51]. Some of these 
textures are associated with multiple slip conditions. By conventional thought, multi-slip 
would be expected to enhance the chance of dislocation reactions and possibly stored 
dislocations within the grains.  In atomistic simulations, however, dislocation reaction 
products like junction formation are seldom observed. In contrast, recent high-resolution 
transmission electron microscopy (HRTEM) analysis of deformed nanometer grains 
revealed that dislocation reactions, such as junction formation, are still highly possible in 
NC materials, even with average grain size smaller than 20 nm [7]. 
Our calculations suggest that statistical dispersion in discrete dislocation 
emissions leads to a strong grain size effect on slip activity. According to Eq. (7), a slip 
event produces a larger strain in smaller grains.  Consequently it is expected that the same 
global strain would require fewer slip events for smaller grain sizes.  As confirmation, for 
the present calculations, Fig. 7 (a) shows that the number of slip events decreases as grain 
size decreases. At the same time, however, we find that the plastic strain rate per active 
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grain also decreases as grain size decreases. This effect is shown in Fig. 7 (b), which 
plots the average shear strain rate per active grain. Consequently if the plastic strain rate 
generated by slip events in one grain is not high enough to satisfy the imposed strain rate, 
the system could activate more slip events in other grains and thus, the fraction of active 
grains (with at least one active slip event) could increase as grain size decreases. To 
check, we plot in Fig. 8(a-c) the evolution of the percentage of grains with active slip 
systems with respect to global plastic strain. As shown, the fraction of grains carrying the 
plastic strain at any given strain for smaller grain sizes is much higher than that for larger 





Figure 7.  (a) Total number of discrete slip events vs. plastic strain. (b) Average shear 





Among these active grains, we further examine whether the slip is single slip or 
multi- slip.  Fig. 8(d-f) presents the ratio of the number of grains with multiple slip events 
to the number of grains with single slip event, Rm, again as a function of global plastic 
strain. Interestingly, we see that the propensity for multi-slip increases as the nanograin 
size decreases. These results, taken together, show that the total number of active slip 
events participating in deformation increases as grain size decreases.  This grain size 
effect diminishes for larger grains and thus, would only be apparent in nanograin sizes. 
We find that the predicted grain size effect on slip pattern arises from the grain 
size effect on the dispersion in the 𝜏𝐶𝑅𝑆𝑆 distribution.  As D increases, the dispersion in 
𝜏𝐶𝑅𝑆𝑆 distribution decreases as shown in Fig. 2.  Therefore, for larger size nanocrystals, 
there is less variability in 𝜏𝐶𝑅𝑆𝑆 from one emitted dislocation to another and from grain to 
grain. Consequently, grains that are the most favorably oriented with the highest resolved 
shear stress can carry the deformation with the fewest slip systems and it is not necessary 
for all grains to participate in the deformation.  In contrast, when the variability is high, 
as in the finer size nanocrystals, there is a finite chance that the more favorably oriented 
grains and slip systems with the higher resolved shear stress do not have the relatively 
easier sources.  Or vice versa, it becomes probable that the easier sources may be 
associated with the slip systems with lower resolved shear stress. These findings imply 
that the absence of substructure in NC metals is not because dislocation-mediated 
plasticity is absent and it is not because slip inside the nanograins is predominantly single 
slip. 
3.4 Effect of crystallographic texture.  Many fabrication processes produce 
nanomaterials with sharp textures in which most of the crystals are oriented in a preferred 
direction [40,42]. When a polycrystalline structure is highly oriented, it is expected that 
the material will be plastically anisotropic; that is, the loading direction will have a strong 
influence on mechanical behavior.  In conventional polycrystalline fcc metals, such as Ni 
or Cu, for instance, many experiments and numerical models have shown that axial 
loading along the [001] direction provides a lower flow stress than loading along the 
[111] direction [52-54]. Polycrystals with random orientations (no preferred texture) have 





Figure 8.  (a)-(c) Percentage of total grains with active slip systems as a function of 
global plastic strain for three different textures and at grain sizes of (a) 20 nm, (b) 50 nm 
and (c) 300 nm.  (d)-(f) The ratio, Rm, of the number of grains with multiple slip events to 
the number of grains with single slip events as a function of global plastic strain for Ni 




For nanocrystalline structures, deviations from the usual texture effects are 
possible.  In a conventional metal, the grain interiors can supply dislocations on all slip 
systems with a sufficiently high RSS.  In contrast, in a nanocrystalline metal, the GBs are 
the sources for dislocations. When activation of these sources requires variable critical 
stresses, at times, it could happen that the GB may not supply an easy source for the slip 
system with the highest RSS (or Schmid factor).  Consequently nanocrystals oriented for 
multi-slip, i.e., those with more than one independently oriented slip system experiencing 
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the highest RSS, may not be able to deform on all high-Schmid-factor systems due to 
source limitations.  In the extreme case such source limitations could be so constraining 
that some nanocrystals will not be able to activate any slip system, even when the RSSes 
are sufficiently high, causing slip to shift to the less favorably oriented nanocrystals.  
Such outcomes of GB-driven dislocation slip may appear as a so-called breakdown of the 
Schmid law in nanocrystalline metals.   
To explore the effect of texture on nanocrystalline deformation, we carried out a 
set of calculations to study the influence of the crystallographic texture on the mechanical 
behavior of NC Ni. Three samples with different starting textures were considered: a) a 
[001] texture - the [001] direction is parallel to the tensile axis; b) a [111] texture - the 
[111] direction is aligned along the tensile axis; and c) a texture-free case - a random 
crystallographic orientation distribution. Grains sizes of 20 nm, 50 nm and 300 nm were 
chosen as examples for each texture.  
Fig. 9 compares the true stress vs. global plastic strain curves for these cases. We 
observe that the predicted plastic anisotropy follows prior numerical and experimental 
results on coarse-grained fcc metals with the [001] texture having the lowest yield 
strength, and the [111] texture having the highest yield strength, and the texture-free 
samples falling in between for a given D. Thus, despite the statistical and discrete nature 
of 𝜏𝐶𝑅𝑆𝑆 for dislocations, we do not observe at the macroscale a breakdown in the Schmid 
law.   
More interestingly, our calculations reveal an unexpected and strong texture effect 
on slip activity that emerges in the NC material but is diminished in the ultra-fine grained 
material. Fig. 8(a-c) shows the percentage of grains with active slip systems as a function 
of global plastic strain for the three cases of crystallographic textures, and Fig. 8(d-f) 
shows Rm. For D = 300 nm (ultra-fine grained), the total number of active slip systems 
participating in deformation did not differ appreciably for these three distinct textures.  
Thus, texture had a negligible impact on slip activity.  As shown, this is not the case for 
the smaller nanoscale grain sizes D = 20 nm and 50 nm.  For the finer NC Ni, the [111] 
texture had the highest Rm ratio, as well as the highest percentage of grains with active 
slip systems.   
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The predicted grain-size dependent texture effect is a consequence of the 
increased dispersion in 𝜏𝐶𝑅𝑆𝑆 from one slip event to another as D decreases. Compared to 
the [001] texture and random texture, the [111] texture had the highest fraction of grains 
with low Schmid factors. When the RSS are lower they become more sensitive to the 





Figure 9.  Global true stress vs. global plastic strain curves for NC Ni with grain sizes 20 




Recent nano-pillar compression tests reported that the Schmid law diminished or 
broke down as the grain size approached the nano-scale, especially for FCC materials 
[55,56]. Comparisons with our results suggest that in their case, the breakdown may have 
occurred because the number of dislocations sources from the free surfaces and internal 
boundaries may have been limited and the source for the slip system with the highest 
Schmid factor may not have been present.  While in our model the sources from GBs are 
presumed available, they vary in strength and so it could happen that the slip system with 
the highest Schmid factor may contain a hard-to-operate source [57].   As D decreases the 
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statistical spread in 𝜏𝐶𝑅𝑆𝑆 increases and the likelihood of the relatively hard-to-operate 
sources increases.  Consequently, a heightened sensitivity to texture emerges. 
It should be mentioned that since we use idealized, single-crystal like textures in 
simulation, the texture effect might be accentuated. In actual systems, even sharply 
textured materials will likely have more crystallographic dispersion, and when producing 
samples with different nanograin sizes, yet the same texture, other microstructural 
differences could be introduced that would diminish this forecasted texture effect. 
Nonetheless, the finding opens up new questions on the effect of texture in 
nanostructured metals not seen in coarse-grained metals.   
3.5 Effect of grain size on shear localization.  NC metals and alloys have a 
propensity for localized deformation in the form of shear banding during plastic flow [58-
61]. These experimental studies have also revealed that the ductility decreases with grain 
size. Currently, little is known regarding the mechanisms responsible for triggering and 
sustaining shear localizations in NC metals. Localized, inhomogeneous slip would mean 
that some grains are carrying far more strain than other grains. Generally, CPFE models 
are well suited to capture these effects as they are able to calculate spatially resolved 
stress states within and in-between grains [24,62]. In addition, our results have indicated 
that statistical variability in the 𝝉𝑪𝑹𝑺𝑺 leads to variation in the activation of dislocations 
between consecutive slip events and among grains. Each activated grain may not carry 
the same amount of accumulated plastic deformation; one grain may activate only one 
slip system and the other grain, for instance, four slip systems. Last we have shown that 
grain size greatly affects the degree of dispersion.  
Here we examine the effect of variation in  𝜏𝐶𝑅𝑆𝑆 on the development of localized 
strains across the NC Ni sample. We statistically analyzed the equivalent plastic strain 
concentrations of 1000 grains in each NC model sample. Fig. 10 shows the probability 
density plots of the equivalent plastic strain concentrations at 2%, 5% and 10% global 
plastic strains for D = 20 nm, 50 nm and 300 nm, respectively. As shown in Fig. 10, the 
strain concentration distributions generally follow a Normal distribution for all three 
grain sizes. More importantly, we find that as grain size decreases, the dispersion in the 
accumulated plastic deformation carried by a grain increases among the activated grains.  
Furthermore, the degree of strain heterogeneity amplifies with increasing global plastic 
  
59 
deformation. These results imply that the possibility of a shear localization event 
increases with strain and decreasing grain size.   
In our model, the grain size effect on localization is a consequence of the 
heterogeneity of 𝜏𝐶𝑅𝑆𝑆 as shown in Fig. 2. For smaller grain sizes, the distribution of 
𝜏𝐶𝑅𝑆𝑆 is wider, which induces larger dispersions in plastic deformation among the grains 
comprising the polycrystalline samples.   One of the prerequisites of shear band 
formation is strain localization due to inhomogeneous plastic deformation. Consistent 
with experiment results on NC metals [58-60], our calculations suggest that plastic 





Figure 10. Probability density distribution of equivalent plastic strains in the 10x10x10 
polycrystalline Ni at grain sizes (a) 20 nm, (b) 50 nm and (c) 300 nm, respectively. The 
distributions are shown in each figure at global plastic strains of 2%, 5% and 10%, 




4. Conclusions and implication for plasticity in NC materials  
In this article, we develop a statistical model for randomly varying sizes of grain 
boundary dislocation sources.  The statistical variation is shown to give rise to a 
generalized extreme value distribution for 𝜏𝐶𝑅𝑆𝑆, the stress to activate the source and 
propagate its dislocation across the grain.  In the model, grain size places a physical limit 
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on the size of the dislocation sources and is shown here to modify both the mean and 
variance of the 𝜏𝐶𝑅𝑆𝑆 distribution.  To understand its impact on macroscale plastic 
response, we build a crystal plasticity finite element (CPFE) model of nanocrystalline 
(NC) Ni, wherein the activation of discrete slip events within the Ni nanocrystals is 
controlled by the derived grain-size dependent statistical 𝜏𝐶𝑅𝑆𝑆 distribution. The 
heterogeneity in mechanical stress and dislocation propagation is found to give rise to a 
strong texture- and size-dependent strength.  We show that the predictions of yield 
strength quantitatively agree with the results on NC Ni from several experimental studies 
across a wide grain size range. Most importantly, a Hall-Petch scaling emerges, solely 
from grain size limitations on dislocation source lengths.  Associated with these 
predictions are the following consequences of statistical dispersion in the activation of 
discrete slip events:  
 It causes strain hardening in the macroscale flow stress-strain response.   
 It results in a grain-size dependence on the fraction of grains that accommodate 
the applied strain.   
 It results in a grain-size dependence on the fraction of active grains that undergo 
multi-slip. 
 It leads to a strong texture effect on slip activity that emerges at the nanoscale 
in the finer grains, which is weak in larger grains (> 100 nm).  
 It causes increases in heterogeneity in strain concentrations with decreasing 
grain size, suggesting that plastic instabilities are more likely to form as nano-
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We study the combined effects of grain size and texture on the strength of 
nanocrystalline copper (Cu) and nickel (Ni) using a crystal-plasticity based mechanics 
model. Within the model, slip occurs in discrete slip events exclusively by individual 
dislocations emitted statistically from the grain boundaries. We show that a Hall-Petch 
relationship emerges in both initially texture and non-textured materials and our values 
are in agreement with experimental measurements from numerous studies. We find that 
the Hall-Petch slope increases with texture strength, indicating that preferred orientations 
intensify the enhancements in strength that accompany grain size reductions. These 
findings reveal that texture is too influential to be neglected when analyzing and 




It is well known that polycrystalline materials with smaller average grain sizes are 
stronger 1. Most often, it is observed that the strength scaling with grain size D follows a 
Hall-Petch relationship 
 
σ = σ0 + 𝑘𝐷
−1/2      (1) 
 
where σ0 is the friction resistance for dislocation movement within polycrystalline grains 
and k is the Hall-Petch slope. Yield strength and flow stress result from the motion of 
dislocations on specific crystallographic planes. Within the grains, dislocations nucleate, 
propagate, recover, and collect in pile-ups or as subgrain structures 2. Many theories have 
been developed to link these dislocation processes to the observed Hall-Petch relation 1,3-
5. Most, but not all, suggest that the empirical, pervasive Hall-Petch law involves a grain 
size effect on the size of the dislocation pile-ups or the accumulation of dislocations 
within grains. The Hall-Petch value, k, in these cases is related to the shear stress required 
to push the leading dislocation to transmit through the grain boundary (GB). 
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In addition to grain size, strength also depends on the texture of the material, the 
distribution of crystallographic orientations 6. The number of active slip systems and the 
distribution of shears among them depend on the orientation of the grains.  The effect of 
texture on the strength scaling has received considerably less attention.  Previously, its 
effect has been appreciated by introducing the Taylor factor mT within the Hall-Petch 
slope k 1, in order to relate the resolved shear stress needed to move a dislocation across 
the GB to a macroscopic uniaxial stress for the material. This factor is calculated as the 
inverse of an effective Schmid factor and hence varies with texture. As mT increases, the 
Hall-Petch value will increase. 
Over the past several years, numerous experiments have reported that the Hall-
Petch scaling applies even to materials with grain sizes that lie in the nano-scale regime 
(~10 nm < D < 100 nm) 7-22. The reason it occurs for both coarse- and nano-grained 
polycrystalline materials is not intuitive. In-situ transmission electron microscopy (TEM) 
and molecular dynamics (MD) studies of deformed nanocrystalline materials have 
provided insight into how dislocations move within the grains and they suggest that the 
predominant kinetics is very different than that in coarse-grained materials. First, they 
have revealed that dislocation-dislocation interactions and dislocation accumulations 
seldom happen within nano-sized grains 23. Second, the plastic deformation of 
nanocrystalline (NC) metals instead proceeds by discrete and separated dislocation slip 
events, in which a dislocation originates at a grain boundary, glides across the grain 
unhindered, and recovers at the opposing grain boundary 3,23,24.  None of these 
phenomena predominate in deformed coarse-grained materials, yet Hall-Petch scaling is 
seen to prevail in most NC and coarse grained (CG) material studies.  It may arise simply 
because over the nano-grain size range, NC material yield strength is nevertheless related 
to dislocation processes operating within the grains. Armstrong 25 suggested that the Hall-
Petch model occurs in NC materials since grain boundaries still resist dislocation motion. 
When grain sizes decrease to nano-scale, the number of pile-up dislocations decreases, 
transitioning from a multiple dislocation pile-up to a single dislocation loop expanding 
against the grain boundary.   
When crystallographic slip occurs, texture should matter when material strength is 
a concern. In contrast to CG materials, texture effects on NC material strength have not 
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been a focus and attention is usually given to improving processing techniques by 
reducing the grain size, chemistry, and grain boundaries. However, these different NC 
material processing methods inevitably induce noticeably diverse crystallographic 
textures 26.  A few recent studies, dedicated to analyzing both texture and size scaling in 
NC materials, have reported a strong effect of texture. In nanotwinned (NT) columnar 
Cu, the yield stresses measured when testing parallel and perpendicular to the twin 
boundaries differed by 30% 27.  The yield stress in NT Ag films showed a strong 
dependence on the intensity of the epitaxial {111} texture component 28.  Dalla Torre et 
al. 7 investigated two commercial NC Ni samples with the same grain size (~ 20 nm) and 
clearly demonstrated that the strong (100) and weak (100) initial textures can result in 
non-negligible differences in yield strength, ultimate tensile strength and plastic strain. 
Godon et al. 14 studied the effect of crystallographic texture on the relationship between 
grain size and flow stress in NC Ni. Their experiment results showed three distinct 
regimes in the Hall-Petch plot, corresponding to samples with a (100) texture, (110) 
texture and random texture. They concluded that differences in Hall-Petch slope resulted 
from differences in the deformation mechanisms induced by texture. In most of the above 
cases, samples with different grain sizes had different textures. Understanding the degree 
of coupling between texture and nanograin deformation is important for interpreting 
measurements of strength-grain size scaling in nanocrystalline materials.  
The strong texture effects seen in these studies are signatures of crystallographic 
slip mediated deformation.  It is natural then to postulate that texture would influence the 
strength scaling observed in NC materials.  Texture effects could be even stronger in NC 
metals than they are in coarse-grained (CG) metals due to the lack of strengthening from 
dislocation storage within the grains. Addressing this hypothesis computationally 
encounters a length-scale dilemma.  On the one hand, spatially resolved crystal plasticity 
techniques like crystal plasticity finite element (CPFE) have been developed to calculate 
the effects of texture and texture evolution on the strength of polycrystals 29. However, 
nearly all crystal plasticity based models assume that slip initiates and propagates 
homogeneously within the grains, without resolving the individual contributions of the 
dislocations 30.  While appropriate for CG materials, this assumption is not adequate for 
NC materials when the size of the dislocation loop becomes comparable to that of the 
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grain. On the other hand, there are many atomic-scale or dislocation based models that 
account for the motion of single dislocations or a collection of distinct dislocations within 
nanocrystalline materials 31. However the time and length scales of these techniques are 
too short for accessing the interplay of texture and slip in NC materials during laboratory 
mechanical testing.   
Recently, we developed a CPFE model for NC materials, in which glide of a 
single dislocation is modeled as a discrete slip event, which initiates via its emission from 
a grain boundary and ends with its absorption at the opposing grain boundary.  Glide on 
multiple planes is permitted and dictated by the stress state in the grain and its current 
orientation.  For NC Ni, it was shown that the discrete-CPFE predicted a Hall-Petch 
scaling in spite of no pile ups or dislocation storage within the grains and the fact that the 
activation stresses for individual dislocations from GBs scaled as ln(D)/D and not D-1/2 32. 
In this work, the discrete-CPFE model is used to understand the effect of texture 
on the strength scaling with grain size. Calculations are performed for NC Cu and Ni with 
grain sizes ranging from 10 nm to 100 nm, sizes for which dislocation storage within the 
grains is minimal, and for different starting textures, from random to some commonly 
observed textures formed by deposition or deformation processing. We will show that the 
model predicts emergence of a D-1/2 Hall-Petch scaling in yield strength for all initial 
textures and materials studied. For stronger initial textures, the Hall-Petch slope 
increases, indicating greater strength sensitivity to grain size reduction. An important 
consequence of this result is that the plastic anistoropy associated with a textured material 
increases as the grain size reduces. These findings indicate that is important to consider 
texture when analyzing size effects in NC material strength and can further help in the 




Crystal plasticity theory based modeling is needed if we wish to study texture 
effects. In this class of models, two general approaches exist:  mean-field and full-field 
techniques, such as crystal plasticity finite element (CPFE) 33.  The latter, although the 
more computationally intensive, calculates spatially resolved mechanical fields as a result 
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of grain-grain interactions and differences in orientation across grain boundaries.  In both 
approaches, the grains are assumed to deform by homogeneous slip, where dislocations 
move as statistical distributions independent of their proximity to the grain boundaries. 
The significant deviation made in the present CPFE model is that slip occurs in discrete 
slip events, where individual dislocations are emitted from a GB and absorbed at an 
opposing one.  The intent is to best capture the discrete nature of dislocation motion in 
NC metals, where grain sizes and dislocation lengths become comparable.   
Within the current CPFE framework, a rate-dependent elasto-viscoplastic 
constitutive model is used 34. The elastic contribution accounts for cubic anisotropy. For 
the visco-plastic contribution, the following power-law flow rule is adopted to relate the 
shear strain rate produced by an active slip system to the shear stress resolved on that 
system: 
 






𝑠𝑖𝑔𝑛(𝜏𝛼)  (2) 
 
where  ?̇?0 is a reference shear strain rate, 𝜏
𝛼 is the RSS on slip system 𝛼, 𝜏𝐶𝑅𝑆𝑆 is a 
characteristic activation stress, and m is the strain rate sensitivity exponent. Most face 
centered cubic (FCC) metals deform using only the twelve {111}<110> slip systems 2. In 
our calculations, all systems are made available in each grain and activation of multiple 
slip systems simultaneously is permitted.  
Within the model, the shape of the nanograins is assumed as a tetrakaidecahedron 
35, that is, a truncated octahedron as shown in Figure 1(a). Most of the slip planes 
consequently take on a hexagon cross-section (while others may have a pentagon cross-
section). Grain boundary sources take the form of a double-pinned dislocation segment of 
length L emanating from one of the six triple junctions of the plane. This grain boundary 
defect begins as a small embryo of activation length L0 on the order of the Burgers 
vector32.  The embryonic dislocation expands until it is pinned at two ends by obstacles 
lying within the grain boundary 32.  
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Growing the segment, now of length L (Figure 1(a)) further requires a stress to 
bow out the dislocation between its two pinning points into the crystal to an unstable 
configuration, beyond which it can propagate into across the crystal without further 
increases in stress. Given the length of the double-pinned segment L, the characteristic 









)   (3) 
 
where µ is the effective shear moduli of the crystal and r0 is the core radius of the 





Figure 1.  (a) Schematic of a dislocation source emanating from a grain boundary triple 
junction in a nanograin.  The grain is embedded in a polycrystal and the grain boundary 
facets that it makes with the neighboring grains give it a shape of a tetrakaidecahedron; 
(b) Comparison of the probability density distribution of CRSS in NC Cu with grains 






The value of L varies from L0 to D, the grain size. Assuming that any point within 
the grain boundary can be a pinning point leads to a statistical distribution in L and hence 
𝜏𝐶𝑅𝑆𝑆
32. Because the upper limit of L equals D, the mean and variation of the 𝜏𝐶𝑅𝑆𝑆 
distribution depends on D. To demonstrate, Figure 1(b) shows the statistical distributions 
for 𝜏𝐶𝑅𝑆𝑆 for D = 25 nm, 100 nm, and 300 nm and using values associated with Cu:  r0 = 
5b, b = 0.256 nm and µ = 48.3 GPa. As D decreases, the distribution shifts toward larger 
values and the dispersion increases. Thus, by virtue of statistical source lengths from 
grain boundaries, dislocation activation becomes harder (the statistical mean increases) 
and more variable (the statistical dispersion increases) as D decreases. In this model, D 
places a physical limit on the size of the dislocation sources and is shown to modify both 
the mean and variance of the 𝜏𝐶𝑅𝑆𝑆  distribution.  
Once emitted from a GB, the dislocation glides unhindered to the opposing grain 





       (4) 
 
where c is a scaling parameter independent of grain size (c = 1.2 in this work), 𝑏 is the 
magnitude of the Burgers vector, and D is grain size. After crossing the grain, the 
dislocation is immediately absorbed (annihilated) at the boundary. Thus, dislocations are 
assumed not to pile up and produce a backstress.    
After emission of a dislocation on slip system α, the original source has been 
exhausted and a new GB source must take its place in order to emit another dislocation 
on the same slip system.  As the defect state of grain boundaries changes in time, the 
length of the new source and hence the 𝜏𝐶𝑅𝑆𝑆 to emit a dislocation from it are not 
expected to be the same as that of the previous one.  With the model, we capture this 
phenomenon by randomly assigning a new 𝜏𝐶𝑅𝑆𝑆 value from the corresponding 𝜏𝐶𝑅𝑆𝑆 
distribution for every new slip event.  The time required for the discrete slip event to 
complete and hence a new 𝜏𝐶𝑅𝑆𝑆 to be assigned can be calculated from equations (2) and 
(4).   
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It is worth highlighting that the discrete slip mechanism modeled here contains 
two ways in which D affects slip.  First, dislocations are activated from sources of length 
L, where L can be no longer than D the diameter of a grain.  Second, the slip distance can 
extend no further than D and the shear strain produced by each event depends on D.   
 
 
3. Material and nanostructure 
We use the model to investigate two types of NC materials, Ni and Cu, and 
different initial textures, all commonly studied in the literature.  Electro- or physical 
vapor- deposition provides a highly textured NC material, where one set of planes is 
aligned along one direction and the remaining axes are otherwise randomly oriented in 
the other two orthogonal directions. We create a set of deposited {hkl} textures, where 
the {hkl} planes are aligned along the z-direction and nearly isotropic in the x-y plane.  
These include deposited {001}, {110}, and {111} textures.  Severe plastic deformation 
(SPD) of two-phase composites is another way of forming nanomaterials 37. These tend to 
produce textures where the interface planes correspond to {112} planes and the two in-
plane directions of the NC Cu phase, the <111> and <110> directions, are highly aligned 
38.  To model this initial texture, we build an SPD {112} texture in which these planes are 
aligned within a deviation of 20°. Last, other methods, such as ball-milling and 
consolidation processes 18, produce nearly randomly oriented textures, and to understand 
these cases, as well as provide a natural reference situation, we numerically generate 
samples with a uniformly random texture. 
Within the model, the kinetic equation (2), which introduces two parameters, the 
reference strain rate ?̇?0 and rate sensitivity m, requiring characterization.  For Ni, they are 
10-2 s-1 and 0.1, respectively, which are taken from our prior work 32. For Cu, we elect to 
use experimental stress-strain curves from NC Cu reported by Khan et al. 18. There, the 
authors took great care in fabricating model-like samples that were sufficiently large for 
reliable mechanical testing and had a uniform grain size, making the data well suited for 
characterizing a model. Samples differing predominantly in their average grain size from 
27 nm to 118 nm were tested.  These experimental tests were conducted at a strain rate of 
10-4 s-1 and therefore in the model, we set ?̇?0 = 10
-4 s-1.  
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Consistent with these tests, the model of a randomly textured NC Cu is subjected 
to uniaxial compression at constant strain rate of 10-4 s-1.  Figure 2 compares the 
calculated results using m = 0.1 for all grain sizes with the experiment results. With a 
single set of parameters, the model achieves good agreement in flow stress and hardening 
behavior for each test and most importantly, reproduces the pronounced grain size 
dependent strength in NC Cu. The value of m found here is well within the range of rate 
sensitivities reported for FCC metals 16.  In all calculations that follow, these parameters 





Figure 2.  Comparison of experimental and calculated stress-strain curves for texture-free 





Figure 3 (a) shows a Hall-Petch plot for the yield stress of NC Ni from different 
studies 7-14.  To first order, the combined experimental data show that as grain size 
decreases, strength increases.  However, whether the Hall-Petch strength scaling emerges 
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is not evident from the collection due to substantial dispersion among the measurements.  
Among samples of similar grain sizes, there may have been differences in texture, grain 
size dispersion, testing methods, and compositional purity and these factors can also 
affect yield stresses.   
For comparison, Figure 3 (a) also presents the model results for the 0.2% yield 
stress taken from the calculated stress-strain curves for the different loading directions 
and initial textures. The calculation analyzes grain sizes no larger than 100 nm, since 
dislocation storage within these larger grains, not taken into account here, could 
contribute to further strengthening. Overall good agreement is achieved with the 
measurements in the sense that the different cases of starting textures and compression 
directions bound the data. Differences among the computed curves for different initial 
textures are substantial. Thus, the good comparison implies that initial texture differences 
in NC samples alone can result in a significant dispersion in strength.  
As shown, the calculated yield stresses from each test follow a Hall-Petch scaling 
in grain size. The Hall-Petch slopes vary from 7.9 to 11.5 GPa•nm1/2. These predicted 
Hall-Petch values match well with the range 5.0 to ~ 20.0 GPa• nm1/2 commonly 
measured in NC Ni 39,40. 
In Figure 4 (a), we compare the scaling curves for the yield stress of NC Ni with 
the deposited (111) and SPD (112) textures under compression in the z- and x-directions, 
respectively. The results indicate pronounced yield anisotropy. The greatest strength 
occurs in cases in which the compression direction corresponds to the direction of (111) 
pole alignment (the z-direction in the deposited (111) texture and the x-direction in the 
SPD one). This direction dependence agrees with many single crystal experiments as well 
as dislocation dynamics and crystal plasticity simulations 42-44. Compression in the x-
direction of deposited (111) texture and z-direction of SPD (112) textures produces a 
lower strength. For both NC Ni and Cu, the strength in the x-direction of SPD (112) 
textures is closed to the strength in the z-direction of deposited (111) texture, since both 
of them carry the strong (111) texture.   
The model indicates that texture and test direction not only affect yield stress and 
plastic anisotropy in yield, but also the Hall-Petch slope.  The slope is higher for the 
loading direction-texture combinations giving the higher strengths.  The finding implies 
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that for a given sample, the direction leading to the highest strength would experience the 





Figure 3.  (a) Comparison of predicted yield strengths with experimental results on NC 
Ni from various groups; (b) Comparison of predicted yield strengths with experimental 
results on NC Cu from various groups. The dashed line represents the Hall-Petch fit to 
the calculated yield strength. Experimental data were obtained by nanoindentation 
marked with an “I”, compression marked with a “C” for tension marked with a “T”. (In 




Figure 3(b) shows a Hall-Petch plot for the yield strengths of NC Cu collected 
from a large number of studies 15-21. The experimental data plotted include tests from 
samples varying in textures and loading orientations. Over this range of grain sizes, 
smaller grain sizes lead to stronger material; however, considering all the data in 
combination, a pronounced strength scaling is not apparent. Neither a Hall-Petch nor an 
inverse Hall-Petch relationship can be concluded from the data. 
In this plot, we also show the calculated yield strengths from five initially textured 
materials, with the random texture, deposited {111}, {100}, {110} textures, and SPD 
{112} texture. As seen in Ni, the differences in yield stress for Cu as a result of texture 
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are significant, indicating a pronounced effect of texture. The comparison indicates that 
the model achieves good agreement with the data, and taken together, the model curves 
bound the data. Again, like Ni, the consistency between model and measurement imply 
that texture can contribute to the variation in the data observed among results reported in 





Figure 4.  Comparison of predicted yield strengths under compression in z- and x-




One of the main results of this work is that a Hall-Petch scaling manifests in the 
computed yield strengths, for all initial textures and loading directions. The relationship 
is not a consequence of the grain size constraint on the length of dislocation pile-ups but 
on the length of dislocation sources in the grain boundaries. The source lengths and hence 
the stress to emit a dislocation are statistically distributed and fundamentally the critical 
stress does not follow a D-1/2 scaling. Rather the D-1/2 in macroscopic 0.2% yield and flow 
strength emerges from the collective response of the random emission of discrete slip 














x-compression 2.85 2.66 2.93 2.99 3.55 




To quantitatively analyze the effects of texture on yield stress, it can be useful to 
calculate the Taylor factor mT. Here we define mT as the inverse of the average of the five 
largest Schmid factors in each grain, which is then averaged over all grains. Accordingly, 
mT is dependent solely on the relationship of the loading direction and texture. The values 
of mT for different textures are listed in Table 1. Figure 5(a) is a plot of the calculated 
Hall-Petch slope with mT for all the cases studied here. We observe in Figure 5(a) a 
strong correlation between Hall-Petch slope, k, and mT, which is compelling because it 
suggests that the following Hall-Petch relationship can be applied to NC materials, via   
 
𝜎 ∝ 𝛼𝑚𝑇𝐷
−1/2   (D < 100 nm )    (5) 
 
where α is a material dependent parameter, which is 3.59 GPa• nm1/2 for Ni and 1.33 
GPa• nm1/2  for Cu. Thus the material parameter (α), grain size (D), and texture effects 
(mT) can be factored separately and embodied altogether into the Hall-Petch coefficient. 
This scaling can explain why for a given texture, the yield anisotropy increases 
with reductions in D. If we express yield anisotropy as the difference in yield between the 
two test directions, say between z-direction and x-direction compression, ψ = |σz−σx|, 
then from equation (5) we can expect that anisotropy would increase with decreasing 
grain size according to: 
 
𝜓 = 𝛼∆𝑚𝑇𝐷
−1/2       (6) 
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As ψ is proportional to ∆𝑚𝑇 = 𝑚𝑇
𝑧 −𝑚𝑇
𝑥  then a larger ∆𝑚𝑇 will induce a higher 
ψ. For a randomly texture NC material, ∆𝑚𝑇 = 0 and hence the anisotropy is zero, as 
predicted in simulation. Consistent with this prediction, the yield anisotropy of the SPD 
(112) textured material is calculated to be stronger than that of the deposited (111) 





Figure 5 (a) Calculated Hall-Petch slope vs. mT for all the cases studied; (b) comparison 





The analysis shows that provided that the texture and loading direction with 
respect to the texture are fixed, a Hall-Petch scaling can arise. It also demonstrates that 
the variation in strength caused by different starting textures can be sufficiently large. 
The effect becomes more pronounced with increasing strength or equivalently, in these 
cases, with decreasing grain size.  The important implication is that it would be difficult 
to discern a scaling law in grain size when involving samples varying not only in grain 
size but also in their initial texture. Otherwise, it could be wrongly concluded that Hall-
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Petch scaling does not occur or that an inverse Hall-Petch, a reduction in strength with 
smaller grain sizes, does occur.   
In summary, we explore the effect of initial texture on scaling of strength with 
nanograin size in nanocrystalline (NC) Cu and Ni using a crystal plasticity based 
mechanics model. The only plastic deformation mechanism within the model occurs via 
the statistical emission of dislocations from grain boundaries. The distribution of source 
lengths in the grain boundaries and the distance that dislocations travel in the grain are 
both limited by grain size.  The model predicts a Hall-Petch strength scaling for all 
textures studied, from a non-textured material (random) to those typical of electro-
deposited NC materials and those made by severe plastic deformation. Good agreement is 
achieved with numerous reported data sets in the literature. We show that the Hall-Petch 
slope depends sensitively on texture and is proportional to the Taylor factor. An 
important consequence is that plastic anisotropy in yield and flow stresses, resulting from 
texture, will be enhanced as the nanocrystalline grain size decreases. These findings can 
provide valuable insight into improving nanomaterial processing techniques via texture 




In this study, a discrete CPFE model is implemented into finite element software 
package Abaqus CAE in conjunction with a user-defined material subroutine (UMAT) 
originally developed by Marin etc.34. The model consists of 20×20×20 grains, wherein 
each grain represented by an eight-node brick finite element with reduced integration 
(C3D8R). The kinematics of crystal deformation is based on the multiplicative 
decomposition of the deformation gradient F: 
 
𝐅 = 𝐅𝐞𝐅𝐩        (7) 
 
where 𝐅𝐞 is elastic deformation gradient and 𝐅𝐩 is plastic deformation gradient. The 
plastic deformation evolves as  
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𝐅?̇? = 𝐋𝐏𝐅𝐩        (8) 
 
The key modification made here concerns the plastic part of the velocity 
gradient, 𝐋𝑝.   It accounts for the plastic deformation generated by dislocation glide on 
crystallographic slip planes and is taken to be the summation of the plastic flow over all 
slip systems as  
 






 (9)   
 
where bα and nα are the slip direction and slip plane normal on slip system α, γ̇α is the 
shear strain rate on slip system α, and N is the number of slip systems. The form of γ̇α is 
adapted for statistical emission of dislocations from grain boundaries and is described in 
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In this work, we explore the microstructural properties that give rise to the plastic 
anisotropy observed in columnar-grained, nanotwinned Cu. A statistical model for 
randomly varying source lengths within the grain boundaries of the nanostructure is 
developed.  The model is used to calculate a corresponding critical resolved shear stress 
for emitting dislocations within a twin lamella on slip systems lying either parallel or 
inclined from its twin boundary. By incorporating this model into a 3D crystal plasticity 
finite element model, we can link texture and slip patterns within the twin lamella to 
anisotropy in the plastic deformation behavior. The model achieves good agreement with 
flow stress strain evolution and yield data collected over many studies.  We show that 
reducing twin thickness can increase plastic anisotropy as a result of the increase in mean 
stress to emit dislocations. It is also found that finer twins can lower strain hardening as a 




Metals with nanoscale twins have been under the spotlight in the materials 
community for many years because of their unique properties and great potential in 
nanoscale devices. Unlike nanocrystalline (NC) metals, which possess ultrahigh strength 
and hardness but suffer from very limited ductility and strain hardening [1], nanotwinned 
(NT) metals can exhibit excellent strength while maintaining substantial ductility [2-4]. 
In addition, NT metals possess other desirable properties, such as outstanding thermal 
stability [5, 6], electrical conductivity [7, 8] and fatigue resistance [9, 10]. One of the 
fundamental reasons that NC and NT metals exhibit markedly different mechanical 
behavior resides in the different characteristic length scales they possess. NC metals only 
have one characteristic length scale, i.e., the nanoscale grain size. In contrast, NT metals 
have two length scales: grain size and twin thickness [11]. Similar to grain boundaries 
(GBs), twin boundaries (TBs) serve as effective barriers to dislocation motion [12, 13]. 
The small, nanoscale twin thickness leads to a high density of TBs, which confines 
dislocations within the twin lamellae and causes dislocation pile-ups, giving rise to 
significant strengthening.  
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Among the NT metals, copper (Cu) has been one of the most intensely 
researched. NT Cu has been categorized as equiaxial-grained [12] and columnar-grained 
[14]. The major difference between these two NT types is the orientation of the nanoscale 
twins. In equiaxial-grained NT Cu, twins are randomly oriented based on the orientation 
of each grain. While in columnar-grained NT Cu, the nanotwins boundaries are highly 
oriented about the NT growth direction. Due to this preferential crystallographic 
orientation, this type of NT Cu can be expected to exhibit strong plastic anisotropy when 
subsequently deformed [11, 15, 16]. You et al.[16] report that both yield strength and 
strain hardening of columnar-grained NT Cu depend on the loading orientation with 
respect to the TB.  Their samples were tested at room temperature and applied strain rates 
of 0.001/s.  When the loading orientation is perpendicular to the TBs, the yield strength is 
the highest, but strain hardening is negligible. When loaded parallel to the TBs, the yield 
strength was lower and strain hardening higher. When the loading axis is inclined 45° to 
the TBs, the NT Cu samples demonstrated the lowest yield strength and significant strain 
hardening. In contrast, equiaxial-grained NT Cu exhibits near plastic isotropy because of 
the randomly oriented twin layers [17]. 
Thus far, most computational material modeling efforts have focused on the 
deformation behavior of equiaxial-grained NT Cu [18-24]. The underlying mechanisms 
giving rise to the anisotropic properties exhibited by columnar-grained NT Cu have 
received noticely less attention. As an exception, recent molecular dynamics (MD) 
simulations were applied to study dislocation nucleation and motion in deformed 
polycrystalline columnar NT Cu [16].  They revealed that GBs were the favorable 
dislocation nucleation sites and both partial and full dislocations were observed during 
deformation. It was also observed that different loading directions can be associated with 
distinct modes of dislocation propagation and interactions with the TBs. Borovikov et al. 
performed large-scale MD simulations on the effect of texture on the yield and peak 
stresses in columnar-grained nanotwinned Ag and Cu [25, 26]. Their simulation results 
suggested that, in NT face-centered cubic metals, the strength is determined primarily by 
the cooperation or competition between two major factors: the magnitude of the Schmid 
factors for the available slip systems and the effectiveness of grain boundaries (and their 
triple-junctions) in generating dislocations. However the short time and length scales 
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characteristic of these techniques prevent them from examining the combined effects of 
texture evolution and dislocation activity in a rate regime consistent with laboratory tests 
(room temperature, quasi-static rates).  Spatially resolved crystal plasticity (CP) finite 
element models are well suited for modeling the effects of texture evolution, 
crystallographic elastic and plastic deformation, and heterogeneous stress fields with 
plastic anisotropy realized in standard, ambient mechanical tests [27, 28]. However, an 
inherent drawback of most CP based techniques is that they use hardening laws based on 
homogeneous slip [29, 30].  This limitation would make them not applicable for 
understanding the behavior of nanostructured metals in which individual dislocations can 
be resolved and the amount they slip is dictated by the grain size and twin thickness.  In 
an attempt to overcome this constraint, in prior work, we developed a constitutive model 
for NC metals in which plasticity occurs by discrete slip events activated statistically 
from grain boundaries [31]. The model was incorporated into a crystal plasticity finite 
element model for NC Ni in order to understand grain size effects on yield strength. It 
predicted the emergence of Hall-Petch like behavior in the nanoscale regime in 
agreement with several experimental NC Ni hardness studies [32-35].  
The goal of this work is to develop a CP-based model that can simulate the 
statistical emission of dislocations from grain boundaries in NT materials and use it to 
understand the effect of the length scales characteristic of columnar-grained NT materials 
on plastic anisotropy. Within this model, slip occurs within each twin lamella by discrete 
slip events on slip planes that are either parallel or non-planar to the twin boundary and 
whose range is respectively restricted by the grain size and twin thickness. With it, we 
explore the relative effects of twin thickness, grain size, and initial texture on the plastic 
anisotropy in yield strength, flow stress, and strain hardening of NT Cu. The model 
indicates that finer twin thicknesses can increase the plastic anisotropy of NT Cu, by 
virtue of an increase in the mean stress to emit dislocations. The analysis also suggests 
that lower statistical variation in the emission stress with decreasing twin thickness leads 





2. Deformation model of NT material 
In this section, a CP-based mechanics model is presented for columnar-grained 
NT materials.  It is a multi-scale model built upon a crystal plasticity finite element 
(CPFE) framework.  At the highest level is the polycrystal, which is idealized as an 
aggregate of equal sized, equal shape grains of diameter D.  At the grain scale, the twins 
can be resolved.  Every grain is laminated by multiple NTs, each separated by a (111) 
twin plane and possessing the twin-matrix orientation relationship.  Among the grains, 
the NT (111) twin planes differ in orientation with respect to the sample, according to a 
specified texture. At the finest scale, within an individual lamella, plastic deformation is 
mediated by dislocation motion, where dislocations emanate exclusively from the GBs 
and may glide on multiple slip systems.  
To this multiscale NT model microstructure, a load is applied, and as strain 
increases, the crystallographic orientations are permitted to evolve. The model outputs 
examined are multiscale in nature, ranging from the macroscopic flow stress, to 
microstructural texture evolution, and to the predominant modes of slip within individual 
lamellae, as a function of D and twin thickness λ.  
2.1. Crystal plasticity finite element.  Crystal plasticity finite element (CPFE) 
method is used to relate the local elastic and plastic constitutive response to the 
macroscopic polycrystalline response. This calculation accounts for interactions among 
grains and twins. The stresses amid the twins can vary and their stress states can deviate 
from the macroscopic stress state.  The individual twin lamella may reorient with slip 
from their initial twin-matrix relationship and hence the overall material texture can 
evolve. 
In order to incorporate the constitutive equations into the CPFE simulation, a 
user-defined material subroutine (UMAT) developed by Marin et al. is implemented into 
Abaqus [36-38]. The UMAT is based on a rate-dependent, elasto-viscoplastic constitutive 
model, which explicitly accounts for elastic and plastic anisotropy, crystallographic slip, 
grain rotation, and texture evolution [36-38].  A full description of the constitutive 
equations and the two-level iterative scheme used to solve them can be found in [37, 39].  
The key modification made here concerns the plastic part of the velocity gradient, 𝐋𝑝.   It 
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accounts for the plastic deformation generated by dislocation glide on crystallographic 
slip planes and is taken to be the summation of the plastic flow over all slip systems as 
  




   (1) 
 
where bα and nα are the slip direction and slip plane normal on slip system α and γ̇α is the 
shear strain rate on slip system α.  The form of  γ̇α is adapted for statistical emission of 
dislocations from grain boundaries and is described in Sections 2.2 and 2.3.  
The NT material model is comprised of an aggregate of grains of diameter D 
aligned in columns.  Each grain consists of N parallel twin lamellae that are λ thick.  
Adjacent nanotwins within the grain have the twin-matrix orientation relationship and the 
interface plane corresponds to a {111} twin boundary (TB).  The top and bottom faces of 
the grain are grain boundaries and the distance between them is thus Nλ. The geometry of 
the FE model corresponding to this NT microstructure is shown in Figure 1 as well as the 
x-y-z coordinate system. An element in the mesh is a twin lamella with dimensions in x, 
y, and z of D × D × λ.  Without loss of generality, all grains consist of the same number N 
of lamellae and in the calculations that follow, we set N = 8. The polycrystal model, 
therefore, contains 1000 grains and 8000 lamellae (elements). 
The N lamella belonging to the same grain share the same (111) boundary normal 
and have the twin-matrix orientation relationship. However, the crystallographic 
orientation of each NT grain can vary from grain to grain. For the starting model 
microstructure, the common (111) TB of each grain is assigned a crystallographic 
orientation from a measured or hypothetical texture.  For most of our calculations here, 
the model initial texture corresponds to one naturally found in as-deposited NT materials, 
like the one given in Figure 2, taken from You et al. [16]. As shown, most of the (111) 
twin boundary planes of the lamellae are oriented within 25° of the sample z-axis and the 
other axes (110) and (112) are randomly oriented from grain to grain.   
It must be noted that the CPFE elements correspond to nanotwins in dimension 
but not necessarily in crystallography. The N elements belonging to the same grain share 
the same (111) boundary normal and have the twin-matrix orientation relationship as 
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shown in Figure 1(c). However, due to the spread in the TB orientation with respect to 
the growth direction (the z-axis in Figure 1(b)), the boundary between finite elements is 





Figure 1.  (a) Schematic of a NT Cu sample with columnar grains. (b) Plane view of the 
NT Cu sample. The compression perpendicular to the columnar axis is defined as 90° 




2.2. Size-restricted boundary sources for dislocations.  Figure 3 shows the 
model geometry of an individual twin lamella. The cross section of a twin lamella is 
modeled as a hexagon. The shortest distance D between two opposing facets of the 
hexagon corresponds to the grain size D. The six sides of the twin lamella are grain 
boundaries (GBs). Each lamella has six grain-boundary junctions (GBJs), where two 
neighboring grain boundaries meet.  
In this model, plasticity of the twin lamellae is mediated by dislocations on the 12 
fcc {111}<110> slip systems. Prior to deformation, the TB planes correspond to {111} 
planes.  Thus, in every twin lamella, the common (111) glide plane of three of the 12 slip 
systems will be parallel to the TB plane and those of the remaining nine slip systems will 
lie inclined to the TB plane.  We will distinguish the former as boundary parallel or b-




Figure 2.  {111}, {110} and {112} pole figures of the initial texture of the columnar-
grained NT Cu.  This texture is used to initialize the model microstructure prior to 




In each lamella, dislocation activation is classified as heterogeneous, meaning 
dislocations emanate from a pre-existing defect.  In this model, the source defects are 
double-pinned dislocations of length L. We further assume that in the confined nanoscale 
dimensions of NTs, the number of such sources within the twin interior and in the 
flanking coherent twin boundaries is negligible compared to the number lying in the GBs 
and GBJs. Therefore, dislocation sources will lie exclusively in the GBs and GBJs.  
The critical resolved shear stress (𝜏𝐶𝑅𝑆𝑆) for activating the source of length L is 










),   (2) 
 
which is the stress to bow out the dislocation and have it reach an unstable configuration 
of a half loop of radius L/2.  Parameter A is a constant of order unity, µ is the effective 
shear moduli of the crystal, r0 is the core radius of the dislocation, and ω is the interaction 
parameter that takes into account elastic interactions with the more distant portions of the 
same dislocation line [41].  For the Cu material studied here, r0 = 5b [42], b = 0.256 nm 
and µ = 48.3 GPa [43]. In addition, A = 1.0 and ω = 2.4 can make a good prediction on 




Figure 3.  (a) Schematic of a twin lamella in one grain with a dislocation nucleating from 
a GB on an inclined slip plane (left) and from a grain boundary junction (GBJ) on a 
parallel slip plane (right). (b) Planar views of the inclined slip plane (left) and the parallel 




The activation threshold 𝜏𝐶𝑅𝑆𝑆 is assumed to be greater than the stress to 
propagate the dislocation across the grain unhindered. As the dislocation propagates, its 
width w would expand to a length equal to or greater than its source length L. As this 
propagation stress would scale as log(w)/w scaling [14], then it follows that it is harder to 
emit the dislocation than propagate it through the lamella. 
Within the GBs and GBJs, source lengths L will vary statistically in length and 
orientation. The minimum length Lmin is set to (e·η·r0), where e is the base of the natural 
logarithm and η is a factor that guarantees that shorter sources need higher activation 
stresses, which is η =1.25 in the present study. To serve as a source for a given slip 
system, the dislocation line of the source L must lie along the intersection line between 
the plane of the slip system and the grain boundary plane. The largest possible source 
lengths L will be limited by the dimensions of the twin lamella, which is λ thick and D 
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wide. For a GB source, the dislocation line of the source must lie along the intersection 
line between the slip plane and the grain boundary.   For b-parallel planes, the GB source 
lengths can range from the Lmin to D.  For b-inclined planes, this intersection line is 
bound between the two adjacent coherent twin boundaries λ. Thus the GB source length 
is limited by λ. Therefore, for dislocation sources on b-inclined planes, the possible 
source lengths range from Lmin to λ/sinθ, where θ is the angle between the inclined slip 
plane and twin plane. 
As an example, Figure 4 shows the distribution of 𝜏𝐶𝑅𝑆𝑆 values from GB sources λ 
= 20, 30 and 50 nm.  This distribution results from inserting all possible values of L into 
equation (2). We observe that the mean (and median) decreases and the covariance 
(standard deviation normalized by the mean) increases as λ increases.  The increased 
dispersion in 𝜏𝐶𝑅𝑆𝑆 with λ is a consequence of the maximum 𝜏𝐶𝑅𝑆𝑆 being controlled by 
the minimum source length, which is Lmin and is the same for all λ, and the minimum 
𝜏𝐶𝑅𝑆𝑆 being controlled by the maximum source length λ/sinθ, which increases with λ. 
Table 1 lists the median, mean, standard deviation, and coefficient of variation in 𝜏𝐶𝑅𝑆𝑆 
for all values of λ considered here. 
A GBJ is a line where two adjacent grain boundaries of the same grain meet as 
shown in Figure 1.  According to our idealized twin lamella geometry, this line does not 
intersect any b-inclined planes.  However, a GBJ source could produce a dislocation on 
one of the b-parallel planes. For the GBJ source, each end of the source lies on one side 
of the junction (See Figure 1).  Geometrically the length L of the GBJ sources can range 
from Lmin to D.  Hence, in this model, the GBJ source lengths are much less grain size-
restricted than those of the GB sources. To demonstrate, Figure 5 shows the distribution 
of 𝜏𝐶𝑅𝑆𝑆 values from GBJ sources for D = 500, 1500 and 3000 nm calculated by inserting 
all possible values of L into equation (2).  We also see a grain size effect on 𝜏𝐶𝑅𝑆𝑆 in 
Figure 5. As D increases, the distribution shifts toward lower values and the dispersion 
decreases. Thus, by virtue of statistical source lengths from grain boundaries, dislocation 
activation becomes easier (the statistical mean decreases) and less variable (the statistical 
dispersion decreases) as D increases. In addition, compared to the 𝜏𝐶𝑅𝑆𝑆 for GB sources, 
the 𝜏𝐶𝑅𝑆𝑆 values from GBJ sources are much lower.  The parameters of these distributions 
are summarized on Table 1. 
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10 234.5898 234.3374 1.3628 5.8157E-3 
15 229.2909 226.7398 8.2717 0.0365 
20 222.0146 218.6064 14.5610 0.0666 
30 206.2007 202.5845 24.8259 0.1225 
40 191.2998 189.6319 31.5755 0.1665 
50 178.0782 178.1723 36.5982 0.2054 
75 151.8078 156.4649 43.9794 0.2811 
100 131.5614 140.8191 47.7140 0.3388 
Grain size (nm)     
500 33.2429 39.5977 20.9013 0.5278 
1500 13.8295 17.0287 11.2570 0.6611 




2.3. Dislocation kinetics.  In the foregoing we described the slip systems 
available for accommodating deformation, the critical stresses to activate them, and the 
CPFE model that will relate the active slip systems to overall material response. As 
mentioned, the present model significantly deviates from conventional CPFE models 
since dislocation slip does not occur homogeneously but discretely, in finite movements 
dictated by microstructural length scales. Specifically, slip occurs as dislocations are 
activated from boundaries and glide completely across the grain unhindered to the 
opposing boundary, as observed in MD simulations [44-46]. The receiving GBs are 
assumed to fully absorb the dislocations such that pile-ups do not develop at the 
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boundaries. Thus, in addition to limiting the maximum source length that can be emitted, 





Figure 4.  Probability density distributions for 𝜏𝐶𝑅𝑆𝑆 for activating dislocation sources 




In this material model, boundary sources are arranged such that dislocations on all 
12 {111}<110> slip systems are available to accommodate slip within the twin lamella. 
The GBJ sources can activate dislocations on the b-parallel planes and the GB sources 
can activate dislocations on the b-inclined planes.  
The value 𝜏𝐶𝑅𝑆𝑆 is viewed as a threshold to emission.  When the RSS in a slip 
system is lower than its assigned 𝜏𝐶𝑅𝑆𝑆, a dislocation is pinned either at the GBJs or GBs 
and is unable to propagate. Under such circumstances, the slip system is inactive and the 
plastic shear rate is zero. This case is fulfilled numerically by making the shear strain rate 




Figure 5.  Probability density distributions for 𝜏𝐶𝑅𝑆𝑆 for activating dislocation sources 




When RSS reaches or exceeds the assigned 𝜏𝐶𝑅𝑆𝑆, the local stress is considered 
sufficiently high for the dislocation to unpin and propagate across the twin lamella, and 
thus the slip system becomes active. The following kinetic equation is adopted to 
calculate the shear strain rate in an active slip system: 
 






𝑠𝑖𝑔𝑛(𝜏𝛼)                            𝜏𝛼 > 𝜏𝐶𝑅𝑆𝑆,  
(3) 
 
where  ?̇?0 is a reference shear strain rate, 𝜏
𝛼 is the RSS in slip system 𝛼, 𝜏𝐶𝑅𝑆𝑆 is the 
CRSS for this particular slip event randomly sampled from the 𝜏𝐶𝑅𝑆𝑆 distribution, and 𝑚 
is a strain-rate sensitivity exponent.  
MD simulations have shown that changes in the GB structure can accompany the 
emission of dislocations from GBJs or GBs [47, 48]. With such structural alterations, 
source lengths and hence 𝜏𝐶𝑅𝑆𝑆 would be expected to change after each dislocation 
emission. Within our model this phenomenon is captured by randomly assigning a new 
𝜏𝐶𝑅𝑆𝑆 value from the corresponding 𝜏𝐶𝑅𝑆𝑆 distribution to a slip system for every new slip 
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event. Knowing when a new slip event begins requires knowing when the previous one 
ends. The completion of a discrete dislocation slip event can be determined from the 
shear rate and the shear strain accumulated as a single dislocation glides from one end of 
the twin lamella to the other 𝛾𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑒 . Due to geometry, 𝛾𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑒 , would differ for b-





                     𝑓𝑜𝑟 𝑠𝑙𝑖𝑝 𝑠𝑦𝑠𝑡𝑒𝑚𝑠 𝑜𝑛 𝑏 − 𝑖𝑛𝑐𝑙𝑖𝑛𝑒𝑑 𝑠𝑙𝑖𝑝 𝑝𝑙𝑎𝑛𝑒𝑠
𝑏
𝜆
                     𝑓𝑜𝑟 𝑠𝑙𝑖𝑝 𝑠𝑦𝑠𝑡𝑒𝑚𝑠 𝑜𝑛 𝑏 − 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑠𝑙𝑖𝑝 𝑝𝑙𝑎𝑛𝑒𝑠
 (4) 
 
where 𝑏 is the magnitude of Burgers vector for Cu, D is grain size, and λ is twin lamella 
thickness.   
Within a twin lamella, several dislocations may be gliding on the same slip 
system but separate atomic planes. In the calculations that follow, for a given twin 
lamella, we allow for activation of multiple dislocations belonging to the same slip 
system and within the same time increment1.  
2.4. Investigation into NT size effects and plastic anisotropy.  The NT material 
model presented above has two main microstructural length scales, D and λ, that can 
affect the macroscopic deformation response by directly affecting dislocation emission 
and propagation in two ways. First, the grain size D affects 𝝉𝑪𝑹𝑺𝑺 for new dislocations on 
the b-parallel slip planes, while the twin thickness λ influences 𝝉𝑪𝑹𝑺𝑺 for new dislocations 
on the b-inclined planes. Second, D and λ also limit the extent of glide on the b-parallel 
and b-inclined planes, respectively.  
From this model, we can also expect at least three main independent sources of 
plastic anisotropy. The first is texture, which can be classified as a geometric anisotropy.  
Second is the heterogeneous distribution of the boundary planes where dislocation 
sources lie. That is, dislocations are not activated homogeneously at all material points, in 
both the boundaries and twin interiors, as in a conventional material, but strictly from the 
                                                 
1 We limit the total number of such simultaneous slip events; however, find that it rarely exceeds eight in 
the calculations that follow. 
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GBs and GBJs.  Last, is the 𝜏𝐶𝑅𝑆𝑆 anisotropy, in which the critical stresses to activate the 
b-parallel slip planes are easier than the b-inclined slip planes. Together these factors can 
lead to a dependence of the number and type of slip systems activated on the direction of 
loading and hence plastic anisotropy. 
 
 
3. Model characterization 
To examine plastic anisotropy, the material is deformed in compression in one of 
two orthogonal directions, either along the growth direction, that is, normal to the twin 
boundaries (z-direction in Figure 1), or parallel to the twin boundaries (x-direction). 
Adopting the nomenclature of experimental studies [16] to which we will compare our 
results, the former test is called the 90º test and the latter the 0º test.  In the 0º test, a strain 
rate of 0.001 s-1 is applied along the x-axis while the boundary conditions in the other two 
directions are set stress-free, ensuring simple compression boundary conditions.  
Likewise, in the 90º test, the same rate is applied in the z-direction and the other two 
directions are stress-free.   
As part of the material set up, two material parameters, associated with the plastic 
part of the constitutive model, namely equation (3), require characterization:  the 
reference shear strain rate  ?̇?0 and the rate sensitivity m.  For this purpose, we use two 
stress-strain curves taken from the 0° and 90° compression tests made on NT Cu at room 
temperature by You et al. [16].  The NT Cu had an average grain size D = 3000 nm and 
twin thickness λ = 30 nm, which we also assign to our NT model. These experimental 
tests were conducted at a strain rate of 0.001 s-1 and therefore in the model, we set ?̇?0 = 
0.001 s-1.  We set m equal to 0.1, which is a common value for face centered cubic (fcc) 
NC metals [50], like the Cu we model here.  
Figure 6 compares the measurement with the model result for D = 3000 nm and λ 
= 30 nm and the initial texture in Figure 2. With this set of values for ?̇?0 and m, the model 
is able to capture the pronounced anisotropy between the two curves, the fact that the 90° 
test is the stronger of the two, and the variation in flow stress with strain. Slight changes 





Figure 6.  Comparison of experimental [16] and calculated stress-strain curves for 




4. Results and discussion 
4.1. Effect of the grain size, D.  In the actual NT material, the grain size D varies 
within the material. However D is typically much larger than the twin spacing D >> λ and 
hence it would be expected that size effects in D would be weak relative to those in λ. To 
gain some insight into the effect of D, we performed calculations for D = 500 nm, and 
1500 nm with λ = 30 nm, maintaining that D >> λ, and include the results in Figure 6 
with D = 3000 nm. As shown, the strength increases as D decreases, which is to be 
anticipated.  More importantly, the D-effect is weak provided D >> λ, and hence we will 
focus the calculations to follow on size effects in λ.  
4.2. Effect of initial texture.  NT materials possess sharp textures, which can be 
expected to be partly responsible for the plastic anisotropy seen experimentally. To reveal 
the effect of texture, we repeated the calculation for NT material with λ = 30 nm, D = 
3000 nm (in Fig. 6) but either with no starting texture (random) or an ideal (111) starting 
texture (Figure 7(a)).  For the random texture, the NT boundary plane normals are 
randomly oriented with respect to the sample, whereas for the ideal (111) texture, they 
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are all perfectly aligned with the z-axis. In both cases, the crystallographic orientations 
remain random in plane.   
Figure 8 compares the 0º and 90° flow stress curves for these extreme cases with 
those predicted when the experimental texture is used as input.  Without an initial texture 
(i.e., random texture), the plastic anisotropy is negligible. This result is consistent with 
reports on equiaxial-grained NT Cu, which exhibits near plastic isotropy because of the 
randomly oriented twin layers [17]. In contrast, with an ideal (111) initial texture, the 
plastic anisotropy is significant, with the 90° test being the stronger of the two, as with 
the experimental (“natural”) (111) initial texture (Figure 8).  Altogether these results 
show that texture causes the 90° test to have the stronger flow stress than the 0º test. 
Further, we observe that a seemingly small change in the initial texture from the natural 
(111) initial texture to the ideal (111) one can lead to a few significant changes in flow 
stress-strain behavior. First, the material strengthens in both the 0º and 90° loading 
directions. Second, initial-texture sharpening has a greater impact on the 90º test 
compared to the 0º test. In other words, the plastic anisotropy increases with texture 
sharpening largely because the 90º test is much more sensitive to texture than the 0º test.  
When texture dominates, the flow stress would be expected to be roughly 
proportional to the Taylor factor (TS) associated with each test.  Here, we calculate the 
Taylor factor for each twin lamella as the inverse of the average of the five largest 
Schmid factors among its b-inclined slip systems and then for the entire NT material, 
compute TS as the average value from all twin lamellae.  In efforts to correlate this 
measure with anisotropy between the 90˚ and 0˚ tests, we consider ∆𝑇𝑆 = (𝑇𝑆90° −
𝑇𝑆0°), where 𝑇𝑆90° and 𝑇𝑆0° are the Taylor factors for 90˚ and 0˚ compression tests, 
respectively.  For the random texture, ∆𝑇𝑆 is zero. For the ideal (111) texture it is ~0.68, 
which is twice ∆𝑇𝑆 for natural (111) texture (~0.35). This increase in ∆𝑇𝑆 is largely due 
to the increase in 𝑇𝑆90°. When the texture sharpens from the natural (111) texture to the 
ideal one, 𝑇𝑆90° increases from 3.33 to 3.67, whereas 𝑇𝑆0° only increases from 2.98 to 
2.99.  Taken together, we find that this simple geometric TS measure explains 1) the loss 
of anisotropy for an initial random texture, 2) the pronounced increase in anisotropy 
when changing the initial texture from the natural to the ideal one, and 3) the higher 
sensitivity of the 90˚ test to the initial texture change.  
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One of the useful predictions of CP mechanics based codes pertains to the slip 
system activity underlying the deformation. How much one type of slip contributes to the 
deformation relative to another depends on both the 1) loading direction with respect to 
the texture (geometry) and 2) difference in their 𝜏𝐶𝑅𝑆𝑆 values (material). The orientation 
relationship between both 0° and 90° loading directions with respect to the natural (111) 
texture is such that the Schmid factors on the b-inclined planes will tend to be larger than 
on the b-parallel planes than b-inclined planes. Thus, geometric considerations alone 
would expect that deformation in both 0˚ and 90˚ loading test directions will engage more 
b-inclined slip than b-parallel slip, since the latter is geometrically harder.  Further, in the 
natural (111) texture, the crystals are randomly oriented within the x-y plane but well 
aligned in the z-direction within a 25° deviation. Consequently, in the 90° compression 
test few grains are well oriented for parallel slip but all grains are oriented for inclined 
slip; whereas in the 0° compression test most grains are oriented for both parallel and 
inclined slip.  Thus, the 0° compression test direction is more suitably oriented than the 
90° compression test direction to activate the b-parallel slip within the twin lamellae.  
However, while the b-parallel systems are the geometrically harder slip mode in the 0° 
and 90° tests, they are at the same time the “physically easier” to activate. The 
characteristic length scale for activating b-inclined slip is λ, which is much smaller than 
the characteristic length scale D for activating b-parallel slip, and hence the activation 
stresses for b-inclined slip are much greater.  Thus, it is not obvious a priori, which slip 
type would predominate in a given test and for a given NT λ.  
To examine the strain evolution of slip activity from simulation, the relative 
activity (RAm) of a given slip mode m, and the number of slip events of each mode (Nm) 
within each twin lamella and a given strain increment are calculated. RAm is given by 







 ;          (5) 
 
where Nm is the total number of slip modes, which for NT Cu, is two:  inclined slip and 
parallel slip.  In Equation (5), Γ̇𝑚 is the total slip rate of mode m in all twin lamellae: 
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Γ̇𝑚 = ∑ Γ̇𝑚
𝑔𝑁𝑔






Figure 7.  (111) pole figures of the (a) initial textures; and calculated deformation 
textures at 6% strain under (b) 90˚ compression; (c) 0˚ compression. (Left: natural (111) 
texture. Middle: ideal (111) texture. Right: random texture.  Legend is in units of m.r.d. 






where Ng is the total number of twin lamellae, and Γ̇𝑚
𝑔
 is the total slip rate of mode m in 
twin lamella g, which is defined as: 
 
Γ̇𝑚
𝑔 = ∑ ?̇?𝑠,𝑚
𝑔𝑁𝑠
𝑚










Figure 8.  Comparison of calculated stress-strain curves for natural (111) texture, ideal 
(111) texture and random texture with λ = 30 nm and D = 3000 nm. (Solid lines: 90˚ 




Figure 9 shows the strain evolution of RAm of the b-parallel and b-inclined slip 
systems in the 0° and 90° tests when starting with the natural (111) texture. Due to the 
discrete and inhomogeneous nature of slip among the twin lamallae, RAm experiences 
fluctuations from one strain step to another. In the initial part of plastic deformation, b-
parallel slip dominates for both 90° and 0° compression tests.  During this first straining 
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period, those grains that are oriented to deform by the easier b-parallel slip accommodate 
nearly all the deformation. At this point, although inclined slip is geometrically possible 
in all grains, the macroscopic stress is not sufficiently high to activate the harder inclined 
slip systems.  However as strain levels increase beyond 0.05, the relative contribution of 
b-inclined slip increases rapidly. Eventually a steady state is reached where both 0° and 
90° tests activate more b-inclined slip than b-parallel slip. However, they do not activate 
similar fractions of the harder b-inclined slip system. The 90° test activates 55% of b-
inclined slip (~45% b-parallel slip), whereas the 0° test activates 65% of b-inclined slip 
(~35% b-parallel slip).  
From the above, we find that there is a transition from b-parallel slip to b-inclined 
slip as straining.  It may be argued that the change may be a result of texture evolution.  
To see whether this is the case, Figure 7(b) and (c) compares the deformation textures at 
6% strain when starting with the natural (111), ideal (111), and random textures. The 
final texture after 6% strain is similar between the 0º and 90° tests. The pronounced 
anisotropy seen within the moderately small straining periods of 6% is, therefore, not due 
to differences in texture evolution between the two test directions.  Since the texture does 
not evolve in the small strain period tested, the transition from less b-parallel slip to more 
b-inclined slip results from the increase in stress enabling more grains to activate more b-
inclined slip. 
On this basis, a difference slip pattern can be expected when starting with the 
ideal (111) texture, since no grains are initially oriented for b-parallel slip. Figure 9 
shows the relative slip activities for the NT material with the ideal (111) initial texture. 
For the 0° test, the relative activities between b-parallel slip and b-inclined slip have not 
changed significantly from that of the natural (111) texture, eventually achieving a steady 
state with more b-inclined slip (75%) contribution and hence less b-parallel slip (25%). 
This comparatively small change can be expected since the texture relative to the 0° test 
direction remains random in the x-y plane.  For the 90° test, however, the relative 
activities of b-parallel and b-inclined slip have switched. The difference is particularly 
noticeable for strains up to 3%, where b-inclined slip dominates, which can be expected 
since in the starting ideal (111) texture, no grains are initially oriented for a non-zero RSS 
on the b-parallel slip systems. After 3% strain, the contribution of b-parallel slip increases 
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rapidly, and concomitantly, that of b-inclined slip reduces. The increase in b-parallel slip 
activity is caused by slip-induced lattice rotations. As the 𝜏𝐶𝑅𝑆𝑆 values for b-parallel slip 
are 20 ~ 30 times smaller than that for b-inclined slip, even a small lattice rotation, not 
detectable in a bulk texture, can cause the resolved shear stress to become non-zero 
promoting b-parallel slip. Thus, the steady-state slip pattern in the 90° test has reversed, 
involving much more b-parallel slip than b-inclined slip when sharpening the texture 





Figure 9.  Relative activities (RA) of the b-inclined and b-parallel planes for natural and 






The analyses of the geometric Taylor factor and relative activities of b-parallel 
and b-inclined slip together suggest that the larger flow stress in the 90° test and 
increased plastic anisotropy seen when changing from a (111) natural to ideal (111) 
initial texture is primarily a consequence of texture.  Specifically, texture strengthening of 
the texture causes the 90° test to utilize an even higher fraction of the harder b-inclined 
slip systems compared to the weaker, natural (111) texture. 
4.3. Strength scaling with twin thickness λ.  Next we use the model to explore 
the size effects in λ on strength, strain hardening, and plastic anisotropy. In Figures 11(a) 
and (b) the variation in the calculated yield stresses for D = 3000 nm with twin layer 
thicknesses in the range of λ > 10 nm are shown for the 90˚ and 0˚ tests.  For validation, 
results for the 90˚ and 0˚ strength of NT Cu samples found in the literature are also 
included [6, 14, 16, 52-54]. In these experimental studies, the degree of texture sharpness 
would have been hard to specify, so to span a range of possible initial textures, we have 
included in Figure 10 calculations for a random texture, the experimental (natural) texture 
by You et al. [16], and the ideal (111) texture.  Because we found D to have a little effect 
(as long as λ << D), a similar strength scaling in D is not considered. However, D likely 
varied among these NT Cu samples and so we included results for λ = 30 nm spanning D 
= 500 nm - 3000 nm (indicated by error bars). Overall, the model appears to achieve 
reasonable agreement within the range of measurements, even in spite of its idealized NT 
microstructure and assumptions on GB-driven dislocation emission.   
The number of experimental data points is too few to dependably indicate a size 
scaling in λ. The model, on the other hand, suggests that yield strength scales inversely 
with λ. Interestingly, the calculated strengths in Figure 10 do not follow a Hall-Petch 
scaling as seen in some NC metals and layered composites [55] or a log()/λ scaling 
characteristic of some nanolayered metals [56]. Furthermore, for the 90˚ strengths, this 
size effect in λ is seen to intensify as the texture sharpens; that is, NT materials with a 
more highly oriented (111) texture would strengthen faster with decreasing λ. Regarding 
the nature of the size effect, it is worth mentioning that the present model predicted a 
Hall-Petch scaling in grain size for NC Ni, which was modeled as an aggregate of 
equiaxed grains, in excellent agreement with a conglomeration of experimental data sets 
[31]. From this, it could be speculated that architecture of the nanostructure (i.e., 
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equiaxed crystals vs. thin lamellae) plays a role in the strength scaling in microstructural 
size due to its effects on the strength to nucleate and propagate dislocations. 
Using the same model, we examine the effect of λ on the flow stress curve, paying 
particular attention to strain hardening. Figure 11 shows the calculated stress-strain 
curves for λ = 20 nm, 30 nm, 50 nm, and 100 nm.  Overall, as λ increases, the material 
weakens but the strain hardening increases.  The stress-strain curves for λ = 30 nm, which 
correspond well to those measured by by You et al. [16], and λ = 20 nm exhibit negligible 





Figure 10.  Comparison of experimental and calculated yield strengthens for columnar-
grained NT Cu (a) under 90˚ compression, (b) under 0˚ compression.  The error bars on 
the calculated strengths for λ = 30 nm cover results for D = 500 nm to 3000 nm.  
Experimental data were obtained by nanoindentation marked with an “I”, compression 
marked with a “C” for tension marked with a “T”. (In nanoindentation tests, the yield 




Strain hardening in this material model does not arise from dislocation 
accumulation as in coarse-grained metals, since the model assumes all emitted 
dislocations are fully absorbed at grain boundaries and hence are not stored inside the 
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grains. The strain hardening could, however, arise from statistical variation in dislocation 
emission, since for each increment in strain, there is a finite chance that the critical stress 
to emit the next dislocation could be higher.  As we have modeled it, the longer and 
‘weaker’ sources in the boundary are just as likely to be available as the shorter and 
‘harder’ sources. To test this idea, we carried out additional calculations with the 
statistical variation in 𝜏𝐶𝑅𝑆𝑆 in time and space removed. We assigned at the outset all 
sources for b-inclined slip the same 𝜏𝐶𝑅𝑆𝑆 corresponding to the mean value for the λ of 
interest and likewise, all sources for b-parallel slip the same 𝜏𝐶𝑅𝑆𝑆 associated with the 
mean value for the D of interest.  Throughout the straining, the value given is held 
constant, as if the activation stress for dislocation emission at that boundary had reached 
steady state. Figure 11 includes the stress-strain curves resulting from this constant 𝜏𝐶𝑅𝑆𝑆 
calculation.  As shown, using a constant 𝜏𝐶𝑅𝑆𝑆 has suppressed strain hardening for all λ. 
The comparison shows that temporal and spatial statistical activation of dislocations from 
grain boundaries can lead to strain hardening. This finding implies that greater 
dispersions in 𝜏𝐶𝑅𝑆𝑆 lead to more strain hardening. In the present model, this effect would 
imply a size effect in strain hardening since the coefficient of variation in 𝜏𝐶𝑅𝑆𝑆 decreases 
as λ decreases (See Table 1). It explains why we observe reduced strain hardening with 
decreasing λ in Fig. 11, which has already been confirmed by recent experiments on the 
tensile behavior of columnar grained NT Cu [14]. 
4.4. Twin thickness dependent plastic anisotropy.  We last explore the effect of 
λ on plastic anisotropy.  As we have shown earlier, plastic anisotropy arises 
predominantly as a result of the initial texture.  Further, it is anticipated that as NT 
materials are made with finer λ, their initial texture would not change significantly, and 
the strong (111) in-plane isotropic texture, which we call the natural (111) texture, would 
apply for all λ.  Figure 12 shows the differences in the calculated 0.2% yield stress 
between the 90° and 0° tests, denoted as ψ = σ90−σ0, when starting with the natural (111) 
texture and D = 3000 nm.  For all λ, the 90° flow stress remains the stronger of the two 
test directions. This consistency in the order of anisotropy is expected since in all these 
cases, the initial texture is the same.  However, we noticed that ψ = σ90−σ0 increases with 
decreasing λ.  Evidently, the calculations are indicating a possible additional size effect 
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on the plastic anisotropy, wherein finer λ leads to greater anisotropy in the stress-strain 
response.  
This additional size effect could arise if reducing λ caused a change in the relative 
slip activities of b-parallel and b-inclined slip.  As before, we calculate the variation in 
RAm (equation 5) with strain and find that it evolves in the same manner for all λ from 15 
nm to 100 nm as it does for λ = 30 nm in Figure 9, achieving a steady-state value after 
0.5% strain. Figure 13 presents this steady-state value as a function of λ, demonstrating 
that RAm is unaffected by a refinement in λ. Thus, stronger plastic anisotropy with 
decreasing λ is not a consequence of transitions in the relative activities of b-parallel and 
b-inclined slip. 
With the same natural (111) initial texture and contribution of b-inclined slip 
unchanged for all λ, the main dependency on λ remaining lies in the distribution of 𝜏𝐶𝑅𝑆𝑆 
for b-inclined slip (See Figure 4 and Table 1).  As λ decreases, the mean CRSS increases 
and coefficient of variation in 𝜏𝐶𝑅𝑆𝑆 decreases. For comparison, the mean 𝜏𝐶𝑅𝑆𝑆 value is 
also plotted in Figure 12. As shown, the yield stress anisotropy ψ and the mean 𝜏𝐶𝑅𝑆𝑆 
increase in a similar manner with λ.  The similarity suggests that, to first order, the ratio 
of ψ to mean 𝜏𝐶𝑅𝑆𝑆 would be constant.  For all λ, it ranges from 0.54 to 0.63, which could 
be considered a small variation in light of the spatial and temporal statistical variation in 
𝜏𝐶𝑅𝑆𝑆 involved in determining the strength of NT Cu calculated here.  Thus, through an 
increase in the CRSS to emit dislocations, reducing λ enhances the plastic anisotropy of 




In this work, we develop a crystal plasticity finite element model for nanotwinned 
(NT) materials that takes into account for the effect of the strong initial texture, texture 
evolution, and grain-grain and twin-twin interactions during deformation. Unlike in 
conventional crystal plasticity models, in this model, plasticity occurs by discrete slip 
events from grain boundary to grain boundary. Dislocations emanate exclusively from 
internal boundaries and dislocation source lengths are limited by the twin thickness λ, and 
dislocation slip distances are limited by the grain size D.  We use the model to examine 
  
112 
texture effects and size effects in λ and D on material strength, strain hardening, and 
plastic anisotropy by computing the deformation response for 0º and 90° tests for 





Figure 11.  Stress-strain curves employing either constant 𝜏𝐶𝑅𝑆𝑆 and statistical 𝜏𝐶𝑅𝑆𝑆 








Figure 12.  Comparison of the variation in plastic anisotropy, ψ = σ90−σ0, with twin 







Figure 13.  Steady-state value of RA (the average value of RA from 1% to 5% strain) for 
b-inclined and b-parallel slip as a function of λ from 15 nm to 100 nm.  
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a) Experimental studies have reported that the manufacturing of nanotwinned Cu can 
result in equiaxial-grained NT Cu with a random texture and no plastic anisotropy or 
in columnar NT Cu with a strong (111) in-plane isotropic texture and pronounced 
plastic anisotropy. Despite many sources of anisotropy and the discrete nature of slip 
captured in the model, the model suggests that the plastic anisotropy seen 
experimentally in columnar NT Cu can be attributed predominantly to texture.  Plastic 
anisotropy was suppressed in the equiaxial-grained NT Cu material but strong in the 
columnar NT in very good agreement with experimental observations. Sharpening of 
the (111) texture to a higher alignment of the (111) poles through-the-thickness of the 
foil serves to strengthen the plastic anisotropy by strengthening proportionally more 
the flow stress in the 90° test (applied normal to the nanotwinned boundaries) than the 
0º  test (applied in-plane). The analysis reveals that this strengthening results from 
activating more slip events inclined non-planar to the twin boundaries in more twin 
lamellae. 
b) We find that the flow stress decreases as λ increases in a manner that is in good 
agreement with experimental data from a large number of studies.  These calculations 
involved different grain sizes D values ranging from 500 nm to 3000 nm and for this 
range, where D >> λ, we find that D has a relatively insignificant effect on the flow 
stress.   
c) Strain hardening in the stress-strain curves is predicted to increase as λ increases, 
despite the ideal condition of no dislocation storage within the lamellae.  Analysis of 
the model results finds that spatial- and time-varying changes in the 𝜏𝐶𝑅𝑆𝑆 to emit 
dislocations from grain boundaries leads to straining hardening, with more dispersion 
in 𝜏𝐶𝑅𝑆𝑆 leading to higher strain hardening.  In the ideal case that dislocations are 
emitted from the grain boundary with a constant, non-varying activation stress, strain 
hardening is removed. 
d) The analysis indicates that for the same strong (111) in-plane isotropic texture, the 
plastic anisotropy in yield stress ought to increase with reduction in twin thickness as 
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Impact statement:  Our work reveals that the coarse-grain layer of a severely heterogeneous 
lamella composite homogenizes deformation in the nanocrystalline layer, resulting in the 
enhanced ductility for which this composite is renowned. 
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It has been shown that unlike its constituent nanocrystalline (NC) phase, a 
heterogeneous lamella (HL) composite comprised of NC and coarse-grain layers exhibits 
greatly improved ductility. To understand the origin of this enhancement, we present a 
3D discrete dislocation, crystal plasticity finite element model to study the development 
of strains across this microstructure. Here we show that the HL structure homogenizes the 
plastic strains in the NC layer, weakening the effect of strain concentrations. These 
findings can provide valuable insight into the effects of material length scales on material 
instabilities, which is needed to design heterogeneous structures with superior properties. 
 
 
1. Introduction   
The heterogeneous lamella (HL) metallic structures characterized with alternating 
lamellae of soft microcrystalline grains and hard nanocrystalline (NC) grains show great 
potential, not only because they simultaneously possess enhanced strength and 
considerable ductility, but also because the processes involved in fabricating them are 
cost-effective and can be scaled up for industrial production [1, 2]. Recent pioneering 
work has shed some valuable insight into the fundamental principles that govern the 
desirable mechanical properties of HL structures. Ma et al. [3] fabricated specimens of 
Cu/bronze HL layers via HPT and found that the yield strength of the HL samples could 
be predicted by the rule of mixtures (ROM), yet the strain hardening rate was higher. Wu 
et al. [2] showed that HL Ti, synthesized via asymmetric rolling, exhibited both UFG 
strength and CG ductility. The high strength was attributed to an internal backstress 
generated at the lamellae interfaces via the constraint placed by the hard UFG layers on 
the soft micrograined layers. Since HL metallic structures have only been synthesized in 
recent years, the underlying mechanisms responsible for their unusual simultaneous high 
strength and good ductility are not well understood. 
The various processing methods used to make HLs can induce different textures. 
Liu et al. [4, 5] found that {100} <011> was the dominant texture component, along with 
minor components {111} <112> and {111} <110> in nano-laminated nickel synthesized 
via SMGT. In contrast, Fang et al. [6] reported a random crystallographic texture in the 
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top-most layer of gradient nanograined Cu samples, also processed by SMGT. No 
publication to date has systematically studied the role of texture in the interactions 
between the dissimilar lamellae or the overall deformation behavior of the HL structures. 
To help accelerate and make manufacturing and design more cost-effective, modeling 
and simulation are ideal for studying such effects of texture, effects that cannot be easily 
or efficiently investigated experimentally. Therefore, a thorough investigation via a 
computational approach on the effect of crystallographic texture on the plastic 
deformation of HL ought to be insightful. 
The primary objective of this work is to understand the fundamental principles 
giving rise to the observed enhanced strength and high ductility simultaneously possessed 
by HL metallic structures by developing a multiscale model bridging the gap between 
nanoscale dislocation activities and macroscopic deformation behavior in Cu samples 
with an HL coarse-grained/NC structure. The effect of crystallographic texture on the 




The crystal plasticity finite element (CPFE) method is a full-field numerical 
technique based on the solution of both stress equilibrium and strain compatibility [7]. It 
calculates spatially resolved mechanical fields, such as strain and stress, based on the 
imposed boundary conditions and grain-grain interactions. However, because most CPFE 
models either use phenomenological constitutive formulations to describe dislocation-
induced property evolution, such as strain hardening, or treat dislocations in a 
homogenized and statistical manner, they are more applicable to CG than NC materials. 
As the dimensions of the crystals in NC materials become close to that of an individual 
dislocation, it would be more appropriate to model the discrete nature of dislocation slip. 
To overcome this problem we developed a discrete-CPFE model that explicitly 
accounts for discrete dislocation slip events within a CP framework [8, 9]. In this model, 
it is assumed that a dislocation source forms at a grain boundary triple junction and is a 
dislocation line that is pinned at two adjacent grain boundaries. When the resolved shear 
stress (RSS) reaches or exceeds the critical RSS (CRSS) associated with a dislocation slip 
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event, the dislocation source can be activated and slips across the grain interior, and is 
eventually becomes absorbed at the opposite grain boundary. Our discrete-CPFE model 
models not discrete dislocations but discrete slip events. Unlike conventional crystal 
plasticity models slip is scale dependent, and is modeled to occur in finite movements 
dictated by microstructural length scales. In this work, we use our discrete-CPFE model 
to simulate the mechanical behavior of the NC lamella of Cu within the HL structure. At 
the length scale of CG, dislocations glide in vast numbers and interact with each other 
during plastic deformation, accumulating forest dislocations that can impede further 
dislocation motion, leading to strain hardening. In this case, the dislocation density-based 
model is used to model the deformation in CG part. The details of our model are provided 
in the supplement.  
The preceding constitutive formulations are written as a user-defined material 
(UMAT) subroutine and implemented into Abaqus CAE. Symmetry boundary conditions 
are imposed on the simulation cell shown in Figure 1. Specifically, the x-, y- and z-
surfaces are constrained from moving along the x, y, and z directions, respectively, while 
the x+, y+ and z+ surfaces are free to move. Uniaxial tension is applied to the x+ surface 
along the x direction at a constant strain rate 𝜀̇ = 1×10-4 s-1. Each element is assigned a 
random crystallographic orientation, rendering the NC lamellae initially texture-free. In 
our calculations, compatibility and equilibrium are satisfied at the interface between the 
NC and CG lamellae. In addition, with CPFE, we can allow for heterogeneities in stress 
and strain from grain to grain, and account for grain neighborhood effects. However, in 
the present application to a nanocrystalline material, since dislocations seldom 
accumulate inside the nano grains, we assume that the greater heterogeneity develops 
between adjoining nano grains and thus believe that one element representing one grain 
still can reasonably capture the plasticity of the NC part. Furthermore, for the calculations 
on NC lamella, the discrete-CPFE model is insensitive to the mesh size, as one element 
represents one grain. The CG part is modeled by one grain, which is meshed by 15000 
(25×25×24) elements. Our mesh-sensitivity tests indicate that the results are not sensitive 






Figure 1.  Mesh used in the HL structure comprised of a nanocrystalline layer (orange 




Figure 2(a) compares the stress-strain curves of NC Cu at four different grain 
sizes calculated by the discrete-CPFE model and the stress-strain curves of CG Cu 
calculated by the homogenized strain hardening model with the experimental results from 
Ref. [10]. The stress-strain responses of both NC and CG Cu achieve good quantitative 
agreement with the experiment data in all aspects, such as yield strength, flow stress and 
strain hardening.  We also observe that the pronounced grain-size effect in NC Cu is 
captured. The single set of parameters on which these calculations were made are listed 
in the supplementary materials and are adopted for all calculations throughout this study. 
 
 
3. Comparison of results from CPFE and Rule of Mixture calculations   
The ROM is often used as a simple way of approximating the overall mechanical 
behavior of composites made of two or more materials, and the overall stress of the 








Figure 2.  (a) Comparison between the experiment [10] and calculated stress-strain curves 
for texture-free NC Cu at various grain sizes and for CG Cu. (b) Comparison of the 
stress-strain curves from CPFE and ROM calculations for different combinations of CG 




where 𝜎𝑅𝑂𝑀 is the overall stress of the laminated composite, 𝜎𝑖 and 𝑉𝑖 are the stress and 
volume fraction of component i, respectively. As an ideal model, ROM does not take into 
consideration of interactions among the constituent components; thus, it only holds true 
when such interactions are weak or non-existent [11]. In addition to inter-lamellar 
interaction, both grain size and crystallographic texture profoundly influence the 
mechanical behaviors of nanomaterials, such as yield strength, ductility, strain hardening, 
strain rate sensitivity and plastic anisotropy [12], it is reasonable to speculate that grain 
size and crystallographic texture may also give rise to or influence interactions among the 
heterogeneous lamellae. Therefore, computational tests on HL structured Cu samples 
consisting of a NC lamella at different grain sizes and CG lamellae with different textures 
were carried out. Specifically, grains in the NC lamella have a random initial 
crystallographic texture, i.e., they are texture-free. The CG textures are for initially (100) 




Figure 2(b) compares the stress-strain curves from the CPFE model and with the 
ROM calculations. The results clearly demonstrate the grain-size dependent strength 
characteristic of NC Cu, as the yield and flow stresses increase with decreasing NC grain 
size. At the same time, a significant texture effect is evident, as the samples with a (269) 
initial texture show higher yield and flow stresses than their respective (100) textured 
counterparts.  
In terms of strain hardening, samples with the same initial texture exhibit similar 
strain hardening behavior, while samples with a (269) texture strain harden more 
significantly than those with (100) textured CG. In samples with a (100) initial texture, 
there are eight equally favored slip systems for the activation of dislocation slip, and they 
are symmetrically distributed on each of the four {111} slip planes. As a consequence, 
grain rotation due to crystal slip under plastic deformation is suppressed due to balanced 
operations of the equally favored slip systems, giving rise to stable grain orientation of 
CG and lower strain hardening rate. Unbalanced crystal slip happens in samples with the 
(269) oriented CG, resulting in CG grain rotation and higher strain hardening rates. 
Figure 3 compares equivalent plastic strain distribution for these two cases. We can see 
that the sample with the (269) textured CG exhibits larger distortion than that with the 
(100) textured CG. 
Furthermore, the stress-strain curves from our CPFE calculations agree well with 
the ROM calculations. Besides our work, Ma et al. [3] also demonstrated that the uniaxial 
tensile strength of laminated samples can be predicted by ROM calculations. Moreover, 
the iso-strain condition that is the basis for the ROM best applies in the case where the 
loading direction is parallel to the CG/NG interface. As shown, reasonable agreement 
between ROM and CPFE calculations or experiment results is obtained.  
 
 
4. Homogenization of strain distribution in NC lamella   
While the discovery of extraordinary ductility in GSG or HL structures has 
attracted much attention, its origin is not well understood. Some have postulated that it 
arises from enhanced strain hardening at the HL interfaces [1, 2, 13] while others have 
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attributed it to a gradual shift in where plastic deformation initiates in the GSG structure 





Figure 3.  Comparison of equivalent plastic strain distribution in samples with (100) and 




The core of both viewpoints concerns how the HL structure modifies the 
distribution of strain and strain gradients within the NC and CG phases.  The NC phase 
alone is not ductile with ductility typically declining as nanocrystalline grain sizes 
decrease [12]. In NC metals, low ductility is primarily caused by void nucleation, and 
growth and their coalescence into cracks. Voids tend to form most often at grain 
boundary triple or quadruple junctions [15].  The process is statistical in nature in the 
sense that not all junctions form voids, but primarily at those where severe 
incompatibilities in plastic deformation among adjacent grains cause high strains and 
strains gradients to develop.  Using the present model, we study the distribution of key 
plastic strain measures for different HL microstructures and compare them with the same 
distributions for the corresponding NC material.  










where 𝜀𝑝 is the plastic strain tensor. Strain localization is often induced by 
inhomogeneous plastic deformation. 
Figure 4 shows the equivalent plastic strain distribution in the nanocrystalline 
phase (~625 grains) of the HL Cu material at three levels of strain. Two CG orientations 
are shown with two different grain sizes, 100 nm and 25 nm, for the NC layer. In all 
cases, the variance in the plastic strains increases, signifying that the amount of 
statistically larger strain concentrated regions, the upper tails of the distribution, increases 
with strain. Thus the probability of shear localization amplifies with increasing strain, 
which is consistent with experiment results on NC metals [16, 17].  
The important result of the analysis in Figure 4 is that the NC layer within the HL 
structure has a more homogeneous strain distribution.  This positive effect can be seen by 
direct comparison with the equivalent plastic strain distribution for single-phase NC Cu 
with the same grain sizes. For all NC grain sizes, the inhomogeneity in plastic strain in 
the HL composite is less than that for single-phase NC. The HL composite has the 
narrower and hence more homogeneous equivalent plastic strain distribution. Compared 
to single phase NC Cu, the HL Cu is less likely to experience strain localization at the 
same strain level.  The analysis also suggests an important texture effect. The distribution 
in plastic strain is less dispersed for the HL composite with the (100) oriented grain than 
the (269) one. The former is well oriented for multi-slip, whereas the latter planar slip.  
Hence the homogenization effect arising from the HL composite can be further improved 
when the CG phase undergoes homogeneous deformation.  
To elucidate reorientation gradients, we choose to calculate the fields of 
reorientation angle in the HL structures, where reorientation angle is defined as the 
difference in orientation of a grain before and after deformation (see details in the 
supplement). In recent work, Ardeljan et al. [15] showed via CPFE modeling that large 
differences in reorientation propensity at grain triple or quadruple junctions are strongly 
correlated with the development of large strain concentrations and strain localization. 
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Neighboring grains with dissimilar reorientation propensities reorient in different 
directions creating even greater disparity with straining. Consequently at the junctions 
where they meet, large strain levels and strain incompatibilities develop that directly 
correlate to the onset of shear banding. Hence analyzing inhomogeneities in grain 






Figure 4.  Equivalent plastic strain distribution in NC lamella in HL Cu samples with 25 
and 100 nm NC grain sizes and (100) and (269) CG textures, along with the distribution 
in a stand-alone layer of pure NC Cu. In all cases, the variance in the plastic strains 
increases, signifying that the amount of statistically larger strain concentrated regions, the 




To best elucidate the variance in the grain reorientation propensities across the 
NC layer, we present the reorientation angle distribution for the same cases as in Figure 4 
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in a Weibull probability graph [18]. The calculation procedures used to extract the 
reorientation angle is provided in the supplement. Figure 5 shows the Weibull probability 
plots of the reorientation angle distribution in the HL Cu samples with (100) CG texture 
compared with that in single-phase NC Cu, respectively. Each distribution consists of 625 
reorientation angles arranged in ascending order. The abscissa represents ln(𝛼) and the 
ordinate ln(-ln(1-𝑃𝑓)), where 𝑃𝑓 is the probability and is calculated as: 
𝑃𝑓 = (𝑟 − 0.5)/𝑁 (3) 
 
where 𝑟 is the numerical rank of each reorientation angle in the distribution (the 
reorientation angles were ranked in ascending order by radians) and N is the sample size. 
The slope of a line represents the Weibull modulus and is a measure of the variability of 
the distribution. From Figure 5, we clearly see that the Cu with HL structure consistently 
shows a higher Weibull modulus than single-phased pure NC Cu for all grain sizes and 
strain levels, indicating that grain reorientation propensities in the NC lamella in HL Cu 
are lower in variability and more uniform than those in pure NC Cu. Furthermore, such a 
difference becomes more pronounced as the strain increases from 5% to 20%. An 
analysis of the variability of NC grain reorientation propensities in HL Cu samples with 
(269) CG texture demonstrates the same trend. The higher degree of uniformity in terms 
of grain reorientation propensities in HL structured Cu samples indicates that strain 
concentration is less likely to develop, hence shear bands are less likely to form as a 
result of such strain localization in these samples.   
The results from the analysis of the reorientation angle distribution indicate that 
the CG lamellae in the HL structured composite homogenizes the grain reorientation 
tendencies of NGs, leading to less areas of high strain localization and a lower likelihood 
for shear band formation.  This is also consistent with the foregoing equivalent plastic 
strain analysis, which suggests that the CG lamellae homogenize the plastic strains within 
the NC layer. The consequence is an enhancement in the ductility of the HL structured 





Figure 5.  Weibull probability graphs of the reorientation angle distribution in HL Cu 
samples with (100) texture CG and pure NC Cu samples at 5% and 20% strain, 
respectively. The NC grain sizes are (a) 25 nm and (b) 100 nm, respectively. The Cu with 
HL structure consistently shows a higher Weibull modulus than single-phased pure NC 
Cu, indicating that grain reorientation propensities in the NC lamella in HL Cu are lower 




5. Conclusions   
In this work, we employ a 3D discrete-CPFE model to study the deformation of 
heterogeneous lamella (HL) metallic composite structures and understand the 
fundamental principles governing their high strength and good ductility. The model HL 
composite consists of alternating nanocrystalline (NC) and coarse-grained (CG) lamellae, 
which exhibit a two to three order of magnitude difference in grain size. The calculation 
distinctively captures the coupled effect of grain-size dependent strength induced by the 
NC lamella and the texture effect in the CG lamellae. Based on the analysis of the 
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distributions of the equivalent plastic strain and reorientation angles within the NC 
lamella, we found that the heterogeneity of strain concentration, which induces the shear 
localization in the nanograin part, has been reduced by the uniform deformation of coarse 
grain lamella. Coarse-grains well oriented for multi-slip further homogenize the plastic 
deformation in the NC lamella, thereby potentially increasing the ductility of the HL 
structure. These findings can provide valuable insight into improving nanomaterial 
processing techniques, and have implications for the design of gradient or heterogeneous 
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8. CONCLUSIONS AND FUTURE WORK 
In this study, a novel discrete crystal plasticity finite element model accounting 
for statistical dislocation nucleation from grain boundary dislocation sources and 
subsequent discrete slip events is developed and applied to different nanostructured 
metals to investigate the underlying dislocation-mediated deformation mechanisms in 
these materials as well as their correlations with macroscopic mechanical behaviors. In 
this model, characteristic length scales such as grain size or twin thickness place a 
geometric limit on the length of dislocation sources, affecting both the mean and variance 
of critical stress distribution, leading to size effects on the mechanical responses of 
nanostructured metals such as grain size scaling of yield and flow stresses. Furthermore, 
the length scales also control the plastic shear generated by a discrete dislocation slipping 
across a grain. It is found that the quantitative prediction of yield strength of 
nanocrystalline Ni by this model agrees with experiment results across a wide range of 
grain size. More prominently, a Hall-Petch scaling emerges solely from grain size 
limitation on dislocation source length. In addition, it is revealed that statistical dispersion 
in dislocation source length and in the corresponding critical stress distribution leads to 
strain hardening in the macroscopic stress-strain response, a grain-size dependence on the 
fraction of grains accommodating the applied strain and those undergoing multiple slip, a 
strong texture effect on slip activity in small nanograins, as well as enhanced strain 
heterogeneity and propensity for plastic instability with decreasing grain size in 
nanocrystalline metals.  
The coupled effects of texture and grain size in nanocrystalline Cu and Ni are 
investigated with the model. It predicts a Hall-Petch scaling of strength for all textures 
studied, from a random texture to those typical of electrodeposited nanocrystalline metals 
as well as those synthesized by severe plastic deformation, achieving good agreement 
with experiment data on both metals. It is found that the Hall-Petch slope depends 




textures give rise to significant plastic anisotropy in strength of nanocrystalline metals, 
and such a texture effect becomes more pronounced with decreasing grain size. 
The discrete crystal plasticity finite element model is modified to accommodate 
dislocation slip on slip planes inclined and parallel to twin boundaries, respectively, to 
study the effects of grain size and twin thickness on strength, strain hardening and plastic 
anisotropy in columnar-grained nanotwinned Cu. The simulation suggests that the 
pronounced plastic anisotropy observed experimentally arises from the strong (111) out-
of-plane texture in columnar-grained nanotwinned Cu. Sharpening of the (111) texture 
enhances plastic anisotropy by reinforcing the flow stress when the loading orientation is 
perpendicular to the twin boundaries (the 90° test) more than that when the loading 
direction is parallel to them (the 0° test), which results from the activation of more 
dislocation slip events on slip systems inclined to the twin boundaries in an increasing 
number of twin lamellae. It is also revealed that yield and flow stresses of columnar-
grained nanotwinned Cu increase with decreasing twin thickness, while grain size shows 
an insignificant effect on strength, consistent with experiment results. Furthermore, strain 
hardening is found to increase as twin thickness increases. Similar to nanocrystalline 
metals, strain hardening in columnar-grained nanotwinned Cu arises from spatial and 
temporal variation in critical stress distribution for dislocation propagation, with a higher 
degree of dispersion leading to more significant strain hardening. When it comes to 
plastic anisotropy, it is found that given identical texture, plastic anisotropy increases 
with a reduction in twin thickness due to a concomitant increase in dislocation emission 
stresses. 
Last but not least, dislocation-mediated plastic deformation in heterogeneous 
lamellar structured metallic composites consisting of a nanocrystalline layer sandwiched 
between two coarse-grained layers is explored in hope of revealing the underlying 
principles governing the high strength and good ductility characteristic of these 
composites. The discrete crystal plasticity model for nanocrystals is combined with a 
dislocation-density evolution based model accounting for homogenized dislocation 
activities and strain hardening for coarse-grained metals. It is revealed that strain 
heterogeneity in the nanocrystalline layer, the leading cause of early onset of shear 
localization, fracture and low ductility in nanostructured metals and alloys, is effectively 
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suppressed by the uniform plastic deformation in coarse-grained layers. The texture of 
the coarse-grained layers is found to also play a significant role: textures that favor 
dislocation slip on multiple slip systems are more effective in homogenizing strain 
concentration in the nanocrystalline layer thereby enhancing the ductility of 
heterogeneous lamellar structured metallic composites. These findings provide valuable 
insight into designing novel nanostructured materials with superior properties and 
improving the processing techniques of existing nanomaterials by optimizing their 
microstructures, such as grain size, twin thickness, texture as well as boundary 
characteristics.  
Despite its originality and faithfulness to realistic dislocation mechanisms in 
nanostructured metals and alloys, there is ample room for improving the discrete crystal 
plasticity finite element model in future work. To begin with, constitutive formulations 
accounting for other less prominent microscopic mechanisms in nanostructured materials 
can be incorporated into the model, such as deformation twinning, grain boundary sliding 
and grain boundary rotation. Furthermore, due to the limitation of finite element 
construction, the model assumes uniform grain size and does not take into consideration 
grain size distribution, to which it has been shown that the mechanical behaviors of 
nanomaterials are sensitive [47,48]. Such a limitation also excludes the possibility of 
modeling material structures with grain size gradients. To overcome this challenge, the 
development of a discrete elastic-viscoplastic self-consistent (EVPSC) finite element 
model is underway, one that explicitly models a variable number of grains per element 
and accounts for interactions between neighboring grains. With the advent of this model 
it is expected that the issue of incorporating grain size distribution can be resolved. In 
addition, advanced 3D tessellation and meshing techniques can be developed to simulate 
realistic polycrystalline structures and grain topology, and grain boundaries, which 
demonstrate distinct properties and characteristics compared to grain interiors, can be 
explicitly modeled within the finite element framework. This is especially important, 
considering that grain boundaries occupy a large volume fraction in nanostructured 
metals, and their influence on mechanical responses becomes increasingly significant as 
grain size decreases at nanoscale. 
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With the growth of knowledge and advancement of materials processing and 
characterization technology, materials research has entered into nanoscale regime. 
Though experimental approaches to the characterization and development of 
nanostructured materials have seen remarkable progress in the past few decades, 
theoretical and computational research on nanocrystals has just taken off and shows 
promising potentials. In this sense, the impact of this work is both palpable and profound. 
To begin with, it offers a unique opportunity to investigate the mechanisms underlying 
dislocation-mediated plasticity at nanoscale from a statistical perspective. For instance, 
through the proposed dislocation source model, the critical link between statistical 
variation in dislocation source length and critical stress distribution for dislocation 
propagation was established; by studying dislocation slip patterns such as the ratio of 
multi-slip to single slip, how dislocation activities could be influenced by grain size was 
revealed. Furthermore, as a multiscale platform, the present work bridges the gap 
between microscopic dislocation activities and macroscopic mechanical behaviors of 
nanomaterials. For example, the study of grain-size dependent yield strength of 
nanostructured metals revealed the critical role grain size played in the variability of 
dislocation source length and the corresponding critical stress distribution, providing a 
reasonable explanation for the experimentally observed Hall-Petch scaling in 
nanostructured metals and alloys. In addition, the model is informative to the design and 
optimization of nanostructured materials with superior properties. For instance, by 
studying the effects of the two intrinsic length scales in columnar-grained nanotwinned 
Cu, namely grain size and twin thickness, the mechanical properties of nanotwinned 
metals can be optimized by achieving a balance between strength and ductility through 
choosing the optimal ratio of the two length scales. Last but not least, the discrete crystal 
plasticity finite element model proposed in this study is instrumental to the development 
of new physically-based mesoscale models accounting for discrete dislocation nucleation 
and slip, which can be incorporated into a great variety of crystal plasticity constitutive 
frameworks and applied to the exploration of various fundamental mechanisms 
influencing the mechanical properties of metals, alloys and composites, such as shear 
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